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SPECTRAL INEQUALITY AND RESOLVENT ESTIMATE FOR THE 

BI-LAPLACE OPERATOR 
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Abstract. On a compact Riemannian manifold with boundary, we prove a spectral in¬ 
equality for the bi-Laplace operator in the case of so-called “clamped” boundary condi¬ 
tions, that is, homogeneous Dirichlet and Neumann conditions simultaneously. We also 
prove a resolvent estimate for the generator of the damped plate semigroup associated 
with these boundary conditions. The spectral inequality allows one to observe finite sums 
of eigenfunctions for this fourth-order elliptic operator, from an arbitrary open subset of 
the manifold. Moreover, the constant that appears in the inequality grows as exp(C|/^^^) 
where ji is the largest eigenvalue associated with the eigenfunctions appearing in the sum. 
This type of inequality is known for the Laplace operator. As an application, we obtain 
a null-controllability result for a higher-order parabolic equation. The resolvent estimate 
provides the spectral behavior of the plate semigroup generator on the imaginary axis. 
This type of estimate is known in the case of the damped wave semigroup. As an ap¬ 
plication, we deduce a stabilization result for the damped plate equation, with a log-type 
decay. 

The proofs of both the spectral inequality and the resolvent estimate are based on 
the derivation of different types of Carleman estimates for an elliptic operator related to 
the bi-Laplace operator; in the interior and at some boundaries. One of these estimates 
exhibits a loss of one full derivative. Its proof requires the introduction of an appropriate 
semi-classical calculus and a delicate microlocal argument. 
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1. Introduction 

Eet A be the positive Eaplace operator on a compact Riemannian manifold (Q, g), of dimension 
d> with nonempty boundary 50. In local coordinates, it reads 

A = -A = |gri/2 ^ DKIgl'^V'D,-), 

^<Lj<d 
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where D = -id. For boundary conditions, say of homogeneous Dirichlet type', we denote by 
0 < tui < • • • < (Uj < • • •, the eigenvalues of the operator A, associated with a family {(pj)jeN of 
eigenfunctions that form a Hilbert basis for L^{Q.). We refer to this selfadjoint operator as to the 
Dirichlet Laplace operator. The following spectral inequality originates from [LR95, LZ98, JL99]. 

Theorem 1.1. Let G be an open subset ofQ.. There exists C > 0 such that 

(1.1) l|M|lz, 2 (n) ^ a)>0, ueSpan{(f>j; ojj <aj}. 

It provides an observation estimate of finite sums of eigenfunctions. The constant in 

the inequality is in fact optimal if G ^ Q. [JL99, LL12], and can be seen as a measure of the 
loss of orthogonality of the eigenfunctions cpj when restricted to G. This inequality has various 
applications. It can be used to prove the null-controllability of the heat equation [LR95] (see 
also the review article [LL12]), the null-controllability of the thermoelasticity system [LZ98], the 
null-controllability of the thermoelastic plate system [BN02, MilOV], and the null-controllability 
of some systems of parabolic PDFs [Lea 10]. It can also be used to estimate the {d - l)-Hausdorff 
measure of the nodal set of finite sums of eigenfunctions of A, in the case of an analytic Rie- 
mannian manifold [JL99], recovering the result of [Lin91], that generalizes a result of [DF88] for 
eigenfunctions. 

Consider now the unbounded operator acting on x 


with domain D{G{) = D //^(D)) x where a{x) is a nonnegative function. One can 

prove the following resolvent estimate [Leb96] . 

Theorem 1.2. Let G be an open subset ofQ. and a be such that a{x) > 6 > 0 on G. Then, the 
unbounded operator icrfd —Gi is invertible on X L^{Ll)for aZZ cr € K. and there exist 

K > f ) and ctq > 0 such that 

(1.2) ll(ZcrId-:A)-'||jf(^,^) < creR, |(r| > cto. 

This resolvent estimate allows one to deduce a logarithmic type stabilization result for the 
damped wave equation 

dfy + Ay + adty = 0, y|,=o = yo, dty\t=Q = Ti, y|[o,+oo)xan = 0, 

for yo andyi chosen sufficiently regular, e.g. (yo,yi) e L){G{) [Leb96, Bur98, BD08]. 

It is quite natural to wish to obtain similar inequalities for higher-order elliptic operators on Q, 
along with appropriate boundary conditions. The bi-Laplace operator, that can be encountered in 
models originating from elasticity for examples, appears as a natural candidate for such a study. 
To understand some of the issues associated with the boundary conditions one may wish to impose 
let us consider the case of a spectral inequality of the form of (1.1). If the boundary conditions 
used for the bi-Laplace operator precisely make it the square of the Laplace operator A (with its 
boundary conditions) then the spectral inequality is obvious as the eigenfunctions are the same for 
the two operators and Aj > 0 is an eigenvalue of the bi-Laplace operator if and only if yfTj is one 
for the Laplace operator. To be clearer, let us consider the positive Dirichlet Laplace operator A. 
If A^ is the bi-Laplace operator on O along with the boundary conditions u\dQ. = 0 and Au\dn - 0, 
then the family {((>j)je¥f introduced above, is in fact composed of eigenfunctions for A^ associated 

' What we describe is yet valid for more general boundary conditions of Lopatinskii type for the Laplace 
operator. 
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with the eigenvalues A; = a>^. This set of boundary conditions is known as the “hinged” boundary 
conditions. We refer to this operator as to the “hinged” bi-Laplace operator, and, for this operator, 
with Theorem 1.1, we directly have the following spectral inequality, for ^ c Q, 

(1.3) l|M|lL2(n) ^ T > 0, ue Spa.n{(pj-, Aj < T). 

One is naturally inclined to consider another set of boundary conditions, the so-called “clamped” 
boundary conditions, uiaa = 0 and dvU\dn = 0, where v is the outward normal to dQ.. We re¬ 
fer to this operator as to the “clamped” bi-Laplace operator. It is sometimes referred to as the 
Dirichlet-Neumann bi-Laplace operator. Eigenfunctions of the “clamped” bi-Laplace operator are 
not related to eigenfunctions of the Dirichlet Laplace operator. In fact, observe that an eigenfunc¬ 
tion of the “clamped” bi-Laplace operator cannot be an eigenfunction for the Laplace operator 
A, independently of the boundary conditions used for A. Indeed, from unique continuation argu¬ 
ments, if a //^-function cf) is such that A^ = on n and - dv‘t>\dO. - 0> then <p vanishes 
identically. Thus, a spectral inequality for the “clamped” bi-Laplace cannot be deduced from a 
similar inequality for the Laplace operator A with some well chosen boundary conditions. Yet, 
such an inequality is valuable to have at hand, in particular as the “clamped” bi-Laplace operator 
appears naturally in models. It is however often disregarded in the mathematical literature and 
replaced by the “hinged” bi-Laplace operator for which analysis can be more direct, in particular 
for the reasons we put forward above. A resolvent estimate of the form of ( 1 .2) is also of interest 
towards stabilization results. 

The main purpose of the present article is to show that a spectral inequality of the form of (1.1) 
and a resolvent estimate of the form (1.2) hold for the “clamped” bi-Laplace operator and, more 
generally, to provide some analysis tools to carefully study fourth-order operators that have a prod¬ 
uct structure. Carleman estimates will be central in the analysis here and we shall show how their 
derivation is feasible when the so-called sub-ellipticity condition does not hold, which is typical 
for product operators. If B is the “clamped” bi-Laplace operator, that is, the unbounded operator 
B on with domain D{B) - n which turn B into a selfadjoint operator, 

let {(pj)je'N be a family of eigenfunctions of B that form a Hilbert basis for L^(Q), associated with 
the eigenvalues 0 < yUi < • • • < j/y < • • • (the selfadjointness of B and the existence of such a 
family are recalled in Section 1.7 below). We shall prove the following spectral inequality. 

Theorem 1.3 (Spectral inequality for the “clamped” bi-Laplace operator). Let G be an open subset 
ofQ.. There exists C > 0 such that 

ll«llL2(n) ^ Ce'-^ I|m|Il2(^), p> 0, ue Span{(/)^'; pj < p). 

Note that the spectral inequality of Theorem 1.3 was recently proven in [AE13] and [Gao]. In 
[AE13] the coefficients and the domain are assumed to be analytic (the techniques used for the 
proof are then very different and exploit the analytic properties of the eigenfunctions). In [Gao], 
the result is obtained in one space dimension; yet, therein, the factor is replaced by 
yielding a weaker form of the spectral inequality. 

We shall present a null controllability result for the parabolic equation associated with B which 
is a consequence of this spectral inequality. Such a result can be found in [AE13, EMZ15b] in the 
case of analytic coefficients and domain. Here, coefficients are only assumed smooth. We may 
foreseen that regularity could be lowered as low as W^'°° for the coefficients in the principal part of 
the operator. This would require further developments that would significantly increase the size of 
the present article. Note that the analytic setting allows the authors of [AE13, EMZlSb, EMZlSa] 
to obtain control properties by only requiering the control domain to be of positive measure. 
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We shall also prove a resolvent estimate for the unbounded operator acting on x L^(Q), 


(1.4) 


S = 


0 -1 
B a 


with domain D{S) = D x where a{x) is a nonnegative function. 


Theorem 1.4. Let G be an open subset ofQ. and a be such that a{x) > 6 > 0 on G. Then, the 
unbounded operator icr\d -tB is invertible on = Hq(Q.) X L^{Q.)for all cr eK and there exist 
K > 0 and (To > 0 such that 

||(/(Tld-S)“^||^(^,^) < cr e R, |cr| > o-q. 


We shall present a log type stabilization result that is a consequence of Theorem 1.4 for the 
following damped plate equation 

d'jy + A^y + adty = 0, y|,=o = yo, dty\t=o = Ti, y|[o,+oo)xan = <5yy|[0,+oo)x5n = 0. 


Both the proofs of the spectral inequality and the resolvent estimate are based on Carleman 
estimates for the fourth-order operator P = D‘1 + B. 

The subject of the present article is connected to that of unique continuation, in particular 
through the use of Carleman estimates. Moreover, the spectral inequality of Theorem 1.3 is a 
quantified version of the unique continuation property for finite sums of eigenfunctions. There 
is an extensive literature on unique continuation for differential operators; yet, positive results 
require assumptions on the operator or on the hypersurface across which unique continuation is 
pursued. For instance, a simple-root assumption is often made following the work of A. Calderon 
[Cal58] or the celebrated strong pseudo-convexity condition is assumed following the work of 
L. Hormander [Hdr58, Hdr63]. For second-order elliptic operators (with smooth complex coef¬ 
ficients) these assumptions are fulfilled. However, for higher-order operators they may not be 
satisfied. Counter examples for the non uniqueness of fourth-order and higher-order operators 
with smooth coefficients can be found in [Pli61] and [Hdr75]. See also the monograph [Zui83] 
for manifold positive and negative results. The question of strong unique continuation is also of 
interest for higher-order operators; see for instance [AB80] for a positive result and [Ali80] for a 
large class of negative results. Note that the above literature concerns unique continuation prop¬ 
erties away from boundaries. For the results of Theorems 1.3 and 1.4 the analysis we use mainly 
focuses on the neighborhood of the boundary of the open set Q. There are few results on unique 
continuation near a boundary. Under the strong pseudo-convexity condition the unique continu¬ 
ation property can be obtained, even for higher-order operators; see [Tat96] and [BL15]. For the 
operator P = D^ + B that we consider here, the strong pseudo-convexity property fails to hold near 
the boundary and also away from it. General approaches as developped in [Tat96, BL15] cannot 
be used. This is one of the interests of the present article. 

1.1. On Carleman estimates. Carleman estimates are weighted a priori inequalities for the solu¬ 
tions of a partial differential equation (PDF), where the weight is of exponential type. For a partial 
differential operator Q away from boundaries, it takes the form: 

\W‘f‘w\\i 2 < \W'f’Qw\\i 2 , w e T > TO. 

The exponential weight involves a parameter r that can be taken as large as desired. Additional 
terms in the l.h.s., involving derivatives of u, can be obtained depending on the order of Q and on 
the joint properties of Q and (p. For instance for a second-order operator Q, such an estimate can 
take the form 


(1.5) 


< V‘^Qu\\l2, 


T > TO, M € ^“(O). 
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One says that this estimate is characterized by the loss of a half derivative. This terminology 
originates from the underlying semi-classical calculus where one gives the same strengths to the 
parameter r and to D. Whereas 2 is a second-order operator, the l.h.s. only exhibits derivatives or 
powers of r of order 3/2. For most operators, this cannot be improved [Hor63, Hdr85a]. In the 
proof of a Carleman estimate on introduces the so-called conjugated operator = e'^'^Qe~'^'^, and 
estimate (1.5) reads 

T^'hvW:! + <\W\l^, t > to, V = e^'^u, u e 

This type of estimate was used for the first time by T. Carleman [Car39] to achieve uniqueness 
properties for the Cauchy problem of an elliptic operator. Later, A.-P. Calderon and L. Hormander 
further developed Carleman’s method [Cal58, Hdr58]. To this day, the method based on Carleman 
estimates remains essential to prove unique continuation properties; see for instance [Zui83] for 
an overview. On such questions, more recent advances have been concerned with differential 
operators with singular potentials, starting with the contribution of D. Jerison and C. Kenig [JK85]. 
There, Carleman estimates rely on L^-norms rather than L^-norms as in the estimates above. The 
proof of such LP Carleman estimates is very delicate. The reader is also referred to [Sog89, KTOl , 
KT02]. In more recent years, the field of applicafions of Carleman esfimafes has gone beyond fhe 
original domain; fhey are also used in fhe sfudy of: 

• Inverse problems, where Carleman esfimafes are used fo obfain sfabilify esfimafes for fhe 
unknown soughf quantify (e.g. coefiicienf, source ferm) wifh respecf fo norms on mea- 
suremenfs performed on fhe solution of fhe PDF, see e.g. [BK81, Isa98, KubOO, IIY03]; 
Carleman esfimafes are also fundamenlal in fhe consfrucfion of complex geomefrical op- 
fic solutions fhaf lead fo fhe resolution of inverse problems such as fhe Calderon problem 
wifh partial dafa [KSU07, DSFKSU09]. 

• Confrol fheory for PDFs; Carleman esfimafes yield fhe null confrollabilify of linear par¬ 
abolic equations [LR95] and fhe null confrollabilify of classes of semi-linear parabolic 
equafions [FI96, BarOO, FCZOO]. They can also be used fo prove unique confinuafion 
properties, fhaf in furn are crucial for fhe frealmenf of low frequencies for exacf confrol- 
labilify resulfs for hyperbolic equafions as in [BLR92]. 


To indicafe how fhe specfral inequalify of Theorem 1.3 for fhe bi-Faplace operafor B can be 
proven by means of Carleman estimates, we firsl review a mefhod, fhaf yields fhe specfral inequal- 
ify of Theorem 1.1 for fhe Faplace operator A. In Ibis infroducfory section, we have chosen to 
mainly focus on fhe mefhod of proof of fhe specfral inequalify; a comprehensive presenfafion in¬ 
cluding a presenfafion of fhe proof of fhe resolvenf esfimafes of Theorems 1.2 and 1.4 would nol 
bring any further insighf fo fhe reader as fhe line of argumenfs is quite similar. 

1.2. A method to prove the spectral inequality for the Laplace operator. The method we 
describe here originates from [LR95] . We consider the operator Pa - + A on Z - {0, S q) x fi, 

for some > 0 meant to remain fixed. We also pick 0 < a < So/2. Three different types of 
Carleman estimates are proven for the operator Pa ■ (i) in the interior of (0,5 o) x O; (ii) at the 
boundary {5 = 0) x Q; (iii) at the boundary (a,S 0 - a) x dQ.. The three regions where these 
Carleman estimates are derived are illustrated in Figure 1. It is simpler to first describe Case (i), 
that is, the estimate in the interior. In Figure 1, this corresponds to the neighborhood Vi of some 
point e Z. There, the Carleman estimate for this operator Pa is of the form described above, 
that is. 


(1.6) 
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Figure 1. Location and geometry of the three types of estimates. Dashed 
are level sets for the weight funetions tp used in the Carleman estimates. 
Arrows represent the direetions of the (non vanishing) gradient of tp. 


where the weight function p = p{z) is real-valued with a non-vanishing gradient, t is a large 
positive parameter, and w is any smooth function compactly supported in Vi. In fact, this estimate 
holds if the so-called sub-ellipticity condition is fulfilled by Pa and p. If pa{z, 0 is the principal 
symbol of Pa, the sub-ellipticity condition in Vi reads 

(1.7) pa(z, ^ + irdpiz)) ^ 0 ^ IpAPAiz, ^ + irdpiz)), Pa{z, C + irdpiz))} > 0, 

2i 

for z € Ui, 4" € and r > 0. It is in fact equivalent to a Carleman estimate of the form (1.6) for 
Pa (see [H6r63] or [LL12]). Observe that pa{z, ^ + irdpiz)) is the semi-classical principal symbol 
of the conjugated operator Pa,,p = PAe~'^‘^. 

The function p is chosen of the form p{z) - exp(-y|z - z^^ip) and Vi is an annulus around z^^\ 
thus avoiding where the gradient of p vanishes (see Figure 1). For y > 0 chosen sufficiently large, 
one can prove that the sub-ellipticity condition (1.7) holds and thus estimate (1.6) is achieved (see 
e.g. [LR95] or [LL12]). 

From estimate ( 1 .6), one can deduce the following local interpolation inequality, for all r > 0 
chosen sufficiently small, for some 6 € (0,1) (see e.g. [LR95]), 

(1-8) l|T|lffi(B(z(l),3r)) ^ I|t|||/1(z)(|I-^AV|Il 2(Z) + l|T|l//'(B(z('),r))) > T ^ 


We now consider Case (ii). In a neighborhood Vz of a point z^^^ e {0} x G, one can derive an 
estimate of the same form as (1.6), yet, with two trace terms in the r.h.s., that is, 

(1.9) ^ \W'^Paw\\lHz) + 

7 = 0,1 

for T > To > 1 and w smooth up to the boundary {5 = 0), with supp(w) n Z c V 2 , with V 2 as 
represented in Figure 1 . This can be obtained by locally choosing a weight function of the form 
p(z) = exp(yi/^(z)) with ip{z) such that dsil>{z) < -C < 0 in 1^2 and choosing the parameter y > 0 
sufficiently large (see e.g. [LZ98]). 
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From estimate (1.9) one deduces the following local interpolation inequality: there exist V <zV 2 
and d e ( 0 , 1 ) such that 

(1.10) l|v||//i(vnz) ^ IIi^II]:/1(z)(|I'Pav||l 2(2) + |v|i=o+l//i(^) + \d sV\s=o+\l2(0^ > v e H^{Z). 


We finally consider Case (iii). In a neighborhood of a point e {a,So - a) x dQ., one can 
derive an estimate of the same form as ( 1 . 6 ), yet, with a single trace term in the r.h.s., that is, 

for T > To > 1 and w smooth up to the boundary (a, So - a) x dQ., with supp(>v) n Z c 1 ^ 3 , with 
1^3 as represented in Figure 1. This can be obtained by locally choosing a weight function of the 
form ip{z) = exp('yi/(^(z)) with t//{z) such that dyifr{z) < -C < 0 in V^, where v is the outward normal 
to dQ, and choosing the parameter y > 0 sufficiently large (see e.g. [LR95]). 

From estimate (1.11) one deduces the following local interpolation inequality: there exist V c 
F 3 , with V neighborhood of z^^^ in Z, some open subset c 1^3 with positive distance to the 
boundary, and d e ( 0 , 1 ) such that 

(1.12) l|i^ll//i(vnz) ^ ll^lll/i(z) (ll■PAv||i 2 ( 2 ) + , V e H^{Z), V|(o,5o)x5D - 0- 


The three interpolation inequalities (1.8), (1.10), and (1.12) can be used to form a global inter¬ 
polation inequality, by means of compactness arguments. In particular, the interior inequality (1.8) 
permits the “propagation” of the estimate. Then, there exists d e (0,1), such that 

(1-13) I|v||//1(q-,5o-Q') ~ ll^lll/i(Z) (ll■^AV||i2(z) -I- |V|i=0+|//l(^) + |5iV|^=o+Iz,2(^)) , 

for V € H^{Z) satisfying V|(o, 5 o)x 5 n = 0. This inequality then implies the spectral property for the 
Laplace operator [LL12] for u = ^ Span{0y; a>j < tu}, if applied to a well chosen 

function v( 5 , x), namely, 

— 1/2 1/2 

v( 5 , x)= X Mytu. sinh(a>. s)(pj{x). 


1.3. Outline of the proof of the spectral inequality for the bi-Laplace operator. Above we 
described how Carleman estimates can be used to prove a spectral inequality of the form given 
in Theorem 1.1 for the Laplace operator. To prove the spectral inequality of Theorem 1.3 for 
the “clamped” bi-Laplace operator, we shall prove several Carleman estimates for the following 
fourth-order elliptic operator P = - 1 - on (0, So) x Q. As for Pa above, we shall prove such 

estimates at three different locations: (i) in the interior of (0,50) x Q, in Section 2; (ii) at the 
boundary {5 = 0) x Q, in Section 3; (iii) at the boundary {a,S 0 - a) x dQ, in Section 4. In 
Section 5, these three types of estimations are then used to achieve local interpolation inequalities 
that can be used to prove, first, a global interpolation inequality and, second, the spectral inequality 
of Theorem 1.3. Note that for the proof of the resolvent estimate of Theorem 1.4 only steps (ii) 
and (iii) are needed. 
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Cases (i) and (ii). The weight functions that we shall use will he the same as that used for the 
operator Pa for Cases (i) and (ii). In Case (ii), the estimate we obtain for P takes the form 

^- 1/2 ^ 

|q'|<4 

7=0 

for functions localized near a point € {0} x with <z Q. We have observation terms at the 
boundary {5 = 0). Note that this estimate is characterized by the loss of half-derivative, similarly 
to the estimate one can derive for Pa- In fact, the sub-ellipticity condition holds in V 2 despite 
the fact that = e^'^Pe^'^'^ can be written as a product of two operators, P^ = QiQ 2 -, as, here, 
char( 2 i) n char( 22 ) - ©■ 

In Case (i), however, the estimate we obtain is characterized by the loss of one full derivative, 
taking the form 

Z T3-l“l|k^‘^D“n|k2(z) < lk"^P«llL2(Z), 

|q'|<4 

for functions compactly supported away from boundaries. In fact, this loss cannot be improved as 
explained in Section 1.4. Here also, the operator P^ can be written as a product of two operators, 
P </3 = 2 i 22 , and here, as opposed to Case (ii), we have char(2i) D char( 22 ) 0- 

We provide fairly short proofs of the Carleman estimates in Cases (i) and (ii) in Sections 2 and 
3. Note, however, that the loss of a full derivative in Case (i) does not create any obstruction to the 
derivation of a local interpolation inequality in Section 5. 

Remark 1.5. Sub-ellipticity does not hold in Vi- The reader should note that the failure of the 
sub-ellipticity property does not automatically imply a loss of one full derivative. The phenomena 
that can occur require a fine analysis to be understood. This is carried out in [Ler 88 ]. Roughly 
speaking, if sub-ellipticity does not hold, and if some iterated Poisson brackets vanish up to order 
k and an iterated Poisson bracket of order k - 1 - 1 is positive, then an estimate can be obtained 
with a loss of k/{k + 1) derivative. In the present case, as we can prove that the loss of one full 
derivative cannot be improved, we then know that all the iterated Poisson brackets used in [Ler 88 ] 
vanish. The essential problem is that the conjugated operator P^p can be written as a product of 
two operators Q 1 Q 2 , and in the case char( 2 i) n char(22) ^ 0, not only does sub-ellipticity not 
hold, but we see that the iterated Poisson brackets also vanish. 

Case (iii). This case is delicate and the derivation of the Carleman estimate at the boundary {a,So- 
a) X d£l is one of the main results of the present article. This case is also precisely where we have 
to take into account the boundary conditions for the bi-Laplace operator B. The estimate we obtain 
in Case (iii) in Section 4 is characterized by the loss of one full derivative and, as for case (i), this 
cannot be improved as explained in Section 1.4. This is a source of major complications for the 
proof of the Carleman estimate itself. As in Case (i) this, however, does not create any obstruction 
in the derivation of the local interpolation inequality in Section 5. In fact, the proof of the local 
Carleman estimate in P 3 , a neighborhood of a point of the boundary (or,So - cr) x 50, requires 
microlocal arguments. This implies the introduction of microlocalization operators that realize 
some partition of unity in phase space over P 3 . For each induced microlocal region, a Carleman 
estimate is derived. One region is less favorable: there, the fourth-order conjugated operator P^ 
can we written as a product of four first-order factors, and two of them fail to be elliptic. Moreover, 
their characteristic sets intersect; sub-ellipticity does not hold there and, in fact, this generates a 
loss of a full derivative in the estimation. There, the a priori estimate one derives permits to only 
estimate the semi-classical //^-norm, viz., ||w|| 3 _r “ T^II'T|k 2 - 1 - ||>v||// 3 . In other microlocal regions 
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over V 3 , the conjugated operator exhibits at most a non elliptic first-order factor only yielding 
a half derivative loss as sub-ellipticity holds. If one does not proceed carefully, the derivation in 
the least favorable region yields error terms that can be of the same strength as the norm ||w|| 3 _r> 
preventing to conclude positively to the Carleman estimate. 

We define the weight function in the form (p{z) = and keep track of the parameter y that is 
meant to be large. The function if/ is chosen such that dyijj < -C < 0 in a neighborhood of a point of 
the boundary where we try to derive the Carleman estimate. The use of an exponential form for the 
weight function can already be found in the seminal work of L. Hormander ([Hdr63, Section 8 . 6 ] 
and [Hdr85a, Section 28.3]), in connexion with the celebrated notions of pseudo-convexity and 
strong pseudo-convexity. This introduces a second large parameter. Several authors have derived 
Carleman estimates for some operators in which the dependency upon the second large parameters 
is explicit. See for instance [FI96]. Such result can be very useful to address applications such 
as inverse problems. On such questions see for instance [EllOO, EIOO, IK08, BY12]. In [Le 15], 
an analysis framework is introduced, based on the Weyl-Hormander calculus ([Hdr79], [Hdr85b, 
Sections 18.4-18.6]), that allows one to describe the explicit dependency of Carleman upon the 
second large parameter y for general classes of operators. That analysis is carried out away from 
boundaries. Here, we use that approach by mean of a tangential Weyl-Hdrmander calculus. The 
introduction of the second large parameter y allows us to handle some error terms in the derivation 
of the Carleman estimate in Vj,. This is however not sufficient to have control over all the error 
terms that appear in the region where sub-ellipticity does not hold. 

Yet, when one attempts to derive the estimate, one realizes that the derivation is possible in the 
case (f, and thus ij/, only depend on the normal variable to the boundary. Yet, for the interpolation 
inequality we wish to derive at the boundary {a,S q - a) x dQ., some convexity of the level sets 
of the weight function ip is needed: ip cannot be constant along the boundary. This is illustrated 
in Eigure 1 (in the neighborhood 1 ^ 3 ). We thus introduce the function = ij/{ez' ,Zn), where z' 
denotes the tangential variables and zn denotes the normal variable (in local coordinates where 
the boundary is given by {zyy - 0}), and we set ip{z) - Here, £ is a small parameter, 

£ e (0,1). Keeping track of the dependency of the microlocal estimates in this third parameter too 
then allows one to obtain a Carleman estimate, at the boundary, with a weight function with some 
convexity of its level sets with respect to the boundary. This is precisely done by extending some 
of the work of [Le 15] and introducing a Weyl-Hormander, with three parameters: the large semi- 
classical parameter r, the second large parameter y, and this new parameter £ e ( 0 , 1 ) that controls 
the convexity of the level sets of the weight function. Note that even in the case tp = ip{Zn), the 
proof of the Carleman estimate relies on taking the second parameter y sufficiently large (see the 
end of Proposition 4.25 below). The introduction of the parameter £ alone would not be sufficient. 
Only the joint introduction of the two parameters allows us to conclude positively to the Carleman 
estimate in the microlocal region where a full derivative is lost. 

All the different microlocal estimates need to be derived within the refined semi-classical calcu¬ 
lus wifh fhree paramefers. Arguments are based on the ellipticity or sub-ellipticity of the different 
factors building the fourth-order operator P^, and the position of theirs roots in the complex plane. 
This analysis follows in part from the different works [Bel03, LRIO, LRl 1, EL 13, CR14]. 

Eventually, the various microlocal estimates we obtain need to be patched together. This implies 
commutators of the fourth operator P^ and the microlocal cut-offs, generating some third-order 
error terms that can be handled thanks to the better microlocal estimates obtained away from the 
least favorable region. 

1.4. On Carleman estimates for higher-order elliptic operators. If Q is an elliptic operator of 
even order m, and (,0 is a weight function such that the couple (P, ip) satisfies the sub-ellipticity 
condition (as stated above), then a Carleman estimate can be obtained, even at a boundary, for 
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instance with the results of [BL15]. We use those results in Section 3 for the proof of the Carleman 
estimate at the boundary {5 = 0). 

If m > 4, it is however quite natural to not have the sub-ellipticity condition, in particular if the 
operator Q is in the form of a product of two operators, say Q = Qi Q 2 - Denote by q, qi, and q 2 the 
principal symbols of Q, Q\, and Q 2 respectively. The conjugated operator reads 

Qip = Q\,cpQ 2 ,cp, with Qke~'^‘^, k - 1,2. If we have char(2i^^) n char(22,(p) ^ 0 then the 

sub-ellipticity condition fails to hold. In fact, if q^, qi^^, and q 2 ,p, are the semi-classical principal 
symbols of Q^, and Q 2 ,p„ that is, q^ = q{z, ^ + hdipiz)) and qk,p, - quiz, + irdifiz)), k - 1,2, 
we can write 

{dtfi dtp) ~ \d\,tp\ ^d2,ip'’d2,(p\\d2,ip\ f\dl,ip\\d2,ip\^ 

for some function /. Thus {q^,qip} vanishes if = ^ 2,^0 = 0. Then, the sub-ellipticity property 
of (1.7) cannot hold for Q. 

Observe that in the above example we have d^^^q{z, + irdtpiz)) = 0 if q 2 {z, ( + iTd(p{z)) = 
q\{z,^ + irdifiz)) = 0. The following proposition (that applies to operators that need not be 
elliptic) shows that in such case of symbol “flatness”, the Carleman estimate we can derive for Q 
exhibits at least a loss of one full derivative. 

Proposition 1.6. Let Q = Q{z, D^) be a smooth operator of order m > \ in Z, an open subset of 
R^. Assume further that there exist a smooth weight function (piz), C > 0, ti > 0, a multi-index a 
with 0 < |a| < m, and d > 0 such that 

(1.14) < C|k"‘^(2u||y2, 

for T > T\ and for u € '^“(R'^) with supp(M) c Z. Let q{z, if) be the principal symbol of Q. If there 
exist zo e Z, ^0 £ ^^nd tq > 0 such that 0^ with 0o - ^0 + iTodpizo), and 

q{zo, Of) = qp,{zo, fo, To) = 0, d^pqizo, Oo) ^ 0, 

then S - 0. 

In other words, if there is a point (xq, tq) where the symbol q^p vanishes at second order, then 
if a Carleman estimate holds it exhibits at least the loss of a full derivative. 

We refer to Section A. 1 for a proof. 

Remark 1.7. This loss of at least one full derivative shows that the analysis of [Ler88] cannot be 
applied here, as it concerns Carleman estimate with losses of less that one derivative. In particular, 
one can check that iterated Poisson brackets used in [Ler88] all vanish at points where q^ vanishes 
at second order. 

In dimension greater than 1, this proposition applies to the bi-Laplace operator B introduced 
above on the manifold Q.. If a{x, f) is the principal symbol of the Laplace operator in a local chart 
V, for all xq e V, there exists fo and tq > 0 such that a{xo,fo ■+■ iTodxPixo)) = 0. Then, the symbol 
b - a^ vanishes at second order at (xq, fo + h^dx^ixf). Hence, we cannot hope for a Carleman 
estimate for B with a loss of less than one full derivative. In fact, such an estimate can be obtained 
by using twice in cascade the Carleman estimate for the Laplace operator. This is consistent, as 
the estimate for the Laplace operator exibits a loss a half derivative in dimension greater than 1 (if 
(p is chosen such that sub-ellipticity holds - see [LL12]). 

In dimension one, however, B = D\ and the conjugated operator {Dx + irdpix))^ is elliptic (in 
the sense of semi-classical operators) if dpix) 0 in D. Then, the resulting Carleman estimate is 
characterized by no derivative loss. 

Concerning the operator P = - 1 - B in Z = (0, S 0 ) x D, that is central in the present article, we 

write P = P\P 2 with P^ = (-1)*^/D^ - 1 - A. Setting = e^'^Pke~'^‘^, with semi-classical principal 
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symbols given by 

c, t) = (-l//(cr + iTds(p{z)f + a(x, ^ + iTdx(fi{z)), k= 1,2, 

where z - is,x) e Z and ^ Let d > 2. If, for some zo £ Z, we have 

ds<pizo) - 0, if we choose ^ and tq > 0 such that a(xo,^o + iTodx(pizo)) - 0, then for cro = 0, 
we have = (0,^o) e and do = (0,^o) + iTo{0,dx(p{ZQ)) and Pk,,fi(zo,(o,To) ^ Pk{zo,do) = 0 
and d^^^pizo, %) = 0, where p and pk are the principal symbols of P and Pk, k = 1,2. Hence, in a 
neighborhood of zo, Proposition 1.6 applies. 

This situation occurs in Cases (i) and (iii) described in Section 1.3 and Figure 1. In the neigh¬ 
borhoods Vi and V 3 introduced there, we have points where ds(p vanishes (as can observed by the 
shapes of the level sets of (p in Figure 1). This explains why we can only obtain estimates with a 
loss of one full derivative for those cases. In case (ii), however, this does not occur, and there we 
obtain an estimation with only a loss of a half derivative. 


1.5. Some perspectives. The present article deals with the natural “clamped” boundary condi¬ 
tions, that is, homogeneous Dirichlet and Neumann conditions simultaneously. In the light of 
the results obtained here and those that can be obtained for very general boundary conditions of 
Lopatinskii type in [Tat96, BL15], for instance for unique continuation through the derivation 
of Carleman estimates at the boundary for general elliptic operators with complex coefficient in 
cases where the sub-ellipticity property hold, one is inclined to attempt to prove estimates similar 
to those proven in the present article, in the case of an operator, such as the operator P = D'l + B 
studied here, for which the sub-ellipticity condition cannot hold everywhere and for general bound¬ 
ary conditions of Lopatinskii type. 

Here, we considerer the bi-Laplace operator B = A^. It would be of interest to consider more 
general polyharmonic operators such as A^, k € N, on 12 along with natural boundary conditions, 
e.g., 

u\da -0 ,.- 0 , 


or more general Lopatinskii type conditions. 


1.6. Notation. We shah use some spaces of smooth functions in the closed half space. We set 

^(i^) = u € 

The reader needs to be warned that in some sections z € R^ will denote (x, s), with x € K.'^ = 
and 5 € R, and thus, there, zn - This is the case in Section 3. In other sections, z will 
denote {s, x), and thus there zn = Xd- This is the case of Section 4 and Appendices A.2 and B. 

Some specihc notation for semi-classical tangential operators will be introduced in Section 3.1, 
and they allow us to derive the Carleman estimate for Dj - 1 - B at the boundary {0} x Q. (Cases 
(i) above). Semi-classical calculus is characterized by the presence of a large parameter denoted 
by T here, that is precisely the large parameter that appears in the Carleman estimates (for readers 
familiar with semi-classical analysis this is done by taking t - Ijh where h is the Planck constant.) 

A special class of semi-classical calculus is also introduced in Section 4.1 and is characterized 
by three parameters. This calculus is essential in the proof of the Carleman estimate for - 1 - B at 
the boundary (0, A 0 ) x dQ. (Case (iii) above). 

In this article, when the constant C is used, it refers to a constant that is independent of the 
semi-classical parameters, e.g. r, 7 , e. Its value may however change from one line to another. If 
we want to keep track of the value of a constant we shall use another letter. 

For concision, we use the notation < for < C, with a constant C > 0. We also write a x to 
denote a <b < a. 
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We finish this introductory section by stating some basic properties of the “clamped” bi-Laplace 
operator that will be used at places in this article (some were implicitly used above). 

1.7. Some basic properties of the bi-Laplace operator. We recall here some facts on the “clamped” 
bi-Laplace operator. We define the operator B on with domain D{B) = 

Proposition 1.8. The operator (B, D{B)) is selfadjoint on and maximal monotone. 

In particular, if > 0, there exists C > 0 such that, for any / e L^(Q), there exists a unique 
u € D{B) such that 

(1.15) A^u + pu = /, and M^pn) ^ QlfhHny 

This can be proven by first finding a unique solution in with the Lax-Milgram theorem 

and then applying Theorem 20.1.2 in [Hor85b, Section 20.1]. Note in particular that ||A^m ||^2 is a 
equivalent norm on n Hq{Q.) by (1.15). 

As a consequence of Proposition 1.8 we have the existence of a Hilbert basis for L?(T1) made 
of eigenfunctions. 

Corollary 1.9. There exist c R, and c D{B) such that 

0 </ii </i2 < ••• <jU/< ••• , limpj^+oo, Bipj=pj(pj, 

j^OO 

and the family {tpj)j forms a Hilbert basis for 

Corollary 1.10. The operator (B, D{B)) generates an analytic Co-semigroup S (t) on iffTl). 

For r > 0, yo £ and f € L^(0, T ; there exists a unique 

y e l\0 , TfHliQ)) n ^{[0 , T]-l\CI)) n H\0, T; 

given by y{t) = S {t)yo + 5 (I - s)f{s)ds, such that 

dty -t-A^y = f for t € (0, T) a.e., y\t=o ^ To 

For the operator S defined in ( 1 .4) we have the following property. 

Proposition 1.11. The spectrum of IB is contained in [z e C; Re(z) > 0). Moreover, for z ^ C be 
such that Re z < 0, we have 

Wizld^-B)U\\,^ > IRezlllCII^, U € D(S), 
with Jif = HliQ.) X l2(Q). 

With the Hille-Yoshida theorem we then have the following results. 

Corollary 1.12. The unbounded operator (fB, D{S)) generates a Co-semigroup of contraction Z(f) 
on M’. 

Corollary 1.13. For (yo>Ti) ^ B)fB) there exists a unique 

y € <^^([0, -roo); n -roo); //^(Q)) n 'r°([0, -roo); D{B)), 

such that 

d]y + A^y + adty ^ 0 in L“((0, -Foo); y|f=o ^ To, dty\t=o = Ti- 

The solution is given by the first component of'L{t)Yo with Yo = (to,Ti)- The energy t i-> E(y)(t) 
with 

(1-16) E{y){t) = ^ll<5«T(Olli2(n) + 

is nonincreasing: for 0 < t\ < t 2 we have E{y)(t 2 ) - E{y){t\) = - ||a^^^ 5 fy(t)||^ 2 (j^) ^t. 
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2. Estimate away from boundaries 

For operators exhibiting at most double (complex) roots, estimates can be found in the proof of 
Theorem 28.1.8 in [Hdr85a]. Here, the structure of the operator P is explicit which allows one to 
expose the argumentation in a selfcontained yet short presentation. 

2.1. Simple characterisitic property of second-order factors. We consider the augmented op¬ 
erator P = D^l + BmZ - {0 ,So)'kQ., remaining away from boundaries here. We write 

(2.1) P = P 1 P 2 , with Pk - (-1)^'D5 + A. 

Here, we show that Pi and P 2 both satisfy the so-called simple characteristic property in the case 
of a weight function whose differential does not vanish. 

Let £{z, 0^ with (z, ^) e x R^, be polynomial of degree m in with smooth coefficient in z. 
For z M(z) e R^ \ (0), we introduce the map 

Pz,z,M : K.+ ^ c, 

^ ^ e ^ £iz,^ + i9Miz)). 

Definition 2.1. Let W be an open set of R^. We say that { satisfies the simple-characteristic 
property in direction M in W if, for all z € W, we have ^ = 0 and 0 = 0 when the map has a 
double root. 

We can formulate this condition as follows 
(2.3) {{z,^ + i0M{z)) = d^tiz,^ + i0M{z)){M{z)) - 0 ^ ^^0, 0 = 0. 


Lemma 2.2. Let W be an open set of R^. If N > 3 and i(z, 0 of order two (with complex 
coefficients) and elliptic for z e W, then for any map z i-> M{z) e R^ \ (0), € satisfies the simple- 
characteristic property in direction M in W. 

Proof. The proof can be adapted from classical ideas (see [LM 68 , proof of Proposition 1.1, Chap¬ 
ter 2] or [Hor83]). We consider the polynomial fp.Mit) - + tM{z)) where t is a complex 

variable, for z e W, ^ e R^. 

If ^ is colinear to M(z), e.g. ^ = aM{z) then fz^^^mit) = (a t)^i{z,M{z)). Because of the 
ellipticity of (, €{z, M{z)) + 0 , and we only have t = -a d&n double real root for /. 

We set J = R^ \ Span(M(z)), which is connected ws N >3. Let now ^ e 7, that is, ^ is not 
colinear to M(z). As is elliptic, the roots of fz,(,M cannot be real numbers. We denote by m'^{^) 
and m~{^) the number of roots with positive and negative imaginary parts, respectively. We have 
2 = m'^{^) + m~{^). Since roots are continuous w.r.t. ^ and cannot be real, they remain in the upper- 
or lower-half complex plane as ^ varies in J, as J is connected, meaning that m'^ and m~ are then 
invariant. In particular, m'^{^) = m'^{-^) and m~{^) = m~{-^). Observing however, that if to is a 
root of 11 -> €{z, ^ + tM{z)) then -to is a root of 11 -^ 7(z, + tM{z)), we find that m'^{f) = m~{-^). 

This gives m'*'(^) = m~{^) = I. Hence, complex roots are simple. 

In any case, we see that if the map 0 i-> Pzp.M = fz,pM{i0) has a double real root 0o then 0o = 0 
and ^ = 0. The simple characteristic property is thus fulfilled. ■ 

If we consider a weight function ^ = if/{s,x), for the operators Pj^, k = \,2, introduced in (2.1), 
we have the following proposition. 

Proposition 2.3. Let k = I or 2. Assume that dij/ + 0 in (0, S 0 ) x Q. Then, P^ satisfies the simple 
characteristic property in direction dif/ in (0, S 0 ) x Q. 




SPECTRAL INEQUALITY AND RESOLVENT ESTIMATE EOR THE BI-LAPLACE OPERATOR 


15 


Proof. Here, the dimension isN - d + \. The case d >2is treated in Lemma 2.2. It only remains 
to treat the case of dimension d = 1. Then, the principal symbol of A reads a{x, = a{x)^^, with 
a{x) > C > 0. We set M{z) = (Ma-iz), M^{z)) - dipiz) € \ {0}. We write p in place of 

for concision. 

With ^ = (cr,^), we have 

pif) = Pkizo, i + idM) = {-ifiicr + WM^f + a(xo)i^ + 

= a(xo)f - a(xo){eM^f - 2(-l)^6»crM^ -t + 19a{xQ)^Mf). 


We thus have \dep{d) = -a{xo)dM^ - (-l)^crMo- + i{a(xo)^M^ - (-1)^0M^). Assuming that 
Mo- t 0, if dgp = 0 we find 


e = 


. a{xo)^M^ 

Ml 


and cr - -a(xo)^^ 


m| 

M' 


This yields p = a{xo)^^{l + (-l)^/a(vo)M|/M^)(l -i- a(vo)^M|/M^^. In this case, we thus have 
p = dgp = 0 if and only if 0 = 0 and ^ = (cr, = (0,0). 

We assume now that Mu- = 0. Since M 0, we find thaf dgp = 0 implies 0 = 0 and ^ = 0. Then 
p = 0 gives cr - 0. Hence, in any case, fhe simple characferistic property is fulfilled. ■ 


2.2. Local Carleman estimates away from boundaries. Let V be an open subset of Z = (0, S o)x 
n. With z = {s, x). Let L - L{z, Df) be a differential operator of order m, with smooth principal 
symbol, {iz,0- 

Definition 2.4. Let (p{z) be defined and smooth in V and such that |c/^| > C > 0. We say that the 
couple (L, ip) satisfies the sub-ellipticity condition in V if we have 

£{z, ^ + iTifiz)) = 0 => 

{£{z, ^ + hdifiz)), i{z, ^ + irdipiz))] - {Re i{z, ^ + hdifiz)), Im -i{z, ^ + irdifiz))} > 0, 

2 i 

for all z € y and ^ and r > 0. 

Let (/r(z) be smooth in V and such that \dtfr\ > C > 0 in L. We define (p{z) - exp('yi/r(z)). 
Sub-ellipticify for the couple (Pk, if) can be easily achieved by the following lemma. 

Lemma 2.5. The couple (Pk, (f) satisfies the sub-ellipticity condition in V for y > 0 chosen suffi¬ 
ciently large. 

Proof. By Proposition 2.3 we see that Pk satisfies the simple characteristic property in direction 
dfi in V. This implies that is strongly pseudo-convex with respect to Pk in the sense given in 
[Hor85a, Section 28.3] at every point in V. We then obtain that the couple (Pk, ip) satisfies the sub- 
ellipticity condition in L for y > 0 chosen sufficiently large by Proposition 28.3.3 in [Hor85a]. ■ 

A consequence of the sub-ellipticity property is the following Carleman estimate for Pk in V, 
that is, away from boundaries. 

Proposition 2.6. Let k - I or 2. Let ip = exp(yi/^) with \dfi\ > C > 0 in V. For y > 0 chosen 
sufficiently large, there exist C > 0 and tq such that 

x < CWe^^Pkuiy^z), 

\ a \<2 

for T > To and u € ^“(P). 
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We refer to [Hor85a, Theorem 28.2.3] for a proof. In fact, to incorporate the term associated 
with |a| = 2 see [Hor63]. This estimate is characterized by the loss of a half derivative. 

From this estimate for ^ = 1,2, we deduce the following estimate for the operator P = /’iP 2 - 

Proposition 2.7. Let ip = exp(y(/^) with \dil/\ > C > 0 in V. For y > 0 chosen sufficiently large, 
there exist C > 0 and tq such that 

|q'|<4 

for T > To and u e ^“(U). 

This estimate is characterized by the loss of a full derivative. 


Proof. With the estimate of Proposition 2.6 for the operator Pi applied to P 2 U e we have 

X r3/2-l“l||e-</>D“P2n||i2(Z) < lk"‘^PM|lL2(z). 

| ff|<2 

Observing that [D“, P 2 ] is a differential operator of order 1 + |a| we obtain 
z r3/2-N||g-‘^P2D>|k2(z) < lk^^PM|lL2(z) + z 

\ a \<2 

Applying now to D"u € the estimate of Proposition 2.6 for the operator P 2 we obtain 

Z r3-l“l||e;"‘^D“n|k2(Z) ^ Z Z uWip^z) 

\a\<A \a\<2\p\<2 

< |k^‘^P«llL2(Z) + Z T5/2-|“l||g-‘^D>|k2(z). 

|a|<3 

We then conclude by choosing r sufficiently large. ■ 


3. Estimate at the boundary {i' = 0) 

3.1. Tangential semi-classical calculus and associated Sobolev norms. Considering boundary 
problems, we shall locally use coordinates so that the geometry is that of the half space 

- {z e R^, zn >0), z = {z,zn) with z e R^“\ zn e R- 

We shall use the notation q = (z, r) and q' - (z, C ’ f) in this section. (This notation is not to 
be confused with that introduced and used in Section 4 and Appendix B.) 

Let a(g') € ^“(R+ X R^“^), with t as a parameter in [1, + 00 ) and ni € R, be such that, for all 
multi-indices a,/3, we have 

)l < z € ]^, r e t e [ 1 , +cx,), 

where + t^. We write a e Sj^. We also define 5^“ = For a e we call 

principal symbol, o-(a), fhe equivalence class of a in Sj^/Sj~^. Nofe fhaf we have Aj^ € Sj^. 

If a(g') € Sj^, we sef 

OpT(a)M(z) := (2n-)“(^“^^ f e‘^^'’^''>a{g’) u{^',zn) dC, 

R"-‘ 

for u € .5^(R^), where u is fhe parfial Fourier fransform of u wifh respecf fo fhe fangenfial variables 
z'. We denote by fhe sef of fhese pseudo-differenlial operafors. For A e (t{A) - cr(a) 
will be ifs principal symbol in We also sef A“^ = Opt(/Ij^), m e R. 
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Let m € N and m' e R. If we consider a of the form 

m . , . 

a{g) ^ aj € 

i=o 

-if 


we define Op(a) := write a e St' and OpCa) e '?,. 

We define the following norm, for m € N and m' € R, 


im,m 


\\u\L,m',r ^ Z IIA^r + , M\m,r = \\u\\m,0,r ^ Z « € ^TCRi'), 

;=0 ’ ;=0 

where ||.||+ := ||.|Iz, 2 (r«). 

If m,m' €N and m", m"' € R, and if a e 


II OpT(^)w|lm',m"',T — C'IImIIjjj'T, u e 
If a € , then we have 

T,r ’ 

II OP 7 (^j)m||^'< C\\u\\fillin' ,m"+m'" ,Ti U G t5^(R^.). 

The following argument will be used on many occasions in what follows, for m € N, m',^ e R, 
with £> 0 , 


(3-1) l|w||Hi,m',f \\^\\m,m' +t ,f■ 

At the boundary {zn = 0} we define the following norms, for m e N and m' € 

, ni ■ I ■ 2 - 

,|2 _ |.m-7+m 


I tr(M)L 


L7 = I^T. 
7=0 ’ 


^Ziv“to=0+)li2(R«-ip “ e ^(R+). 


3.2. Statement of the Carleman estimate. In this section, we consider z = (x, s) € R^ with 
X € R'^ and 5 € R. We also set Z = Q x (0, S o). We write x - z' and 5 = zn, in connexion with the 
notation introduced for the tangential calculus in Section 3.1. 

Let zo - (xQ, 0) with xq e Q. We consider a function i/r e "^“(R^) such that ds>p{z) < -C < 0 
in a bounded open neighborhood U of zo in R x Q. We then set (/j(z) = 

Using the notation introduced in Section 3.1 for semi-classical norms, we have the following 
Carleman estimate at the boundary O x {0} for functions defined in {5 > 0) n U. 

Theorem 3.1. Let P = -t B = -t A^ on Z = Q x (0,So). Let W be an open set o/R'^ such 
that W ^V. For 7 > 0 chosen sufficiently large, there exist tq > 1 and C > 0 such that 

Z ^V/2-|.|||^r^^a ||^ 2 (Z) < C(|k^‘^Pn||^ 2 (z) + ^ Me^'P/ 2 -j,r), 

|q-|<4 j=0 

for T > To and for u = w\z, with w € X R) and supp(w) c W. 


This Carleman estimate is characterized by the loss of a half derivative. 

Corollary 3.2. Let P - + B - D^l + on Z = Q x {0, S o)- Let W be an open set ofMf such 

that W <^V. For 7 > 0 chosen sufficiently large, there exist To > 1 and C > 0 such that 

z < c(|k^‘^Pn||^2(z) + t1/2 ^ | tx{e^^Diu\,_j^,), 

|ff|<3 7=0 

for T > To and for u = Wjz, with w € X R) and supp(w) c W. 


Proofs are given below. 
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3.3. Sub-ellipticity property. As in Section 2.1, we write P = P 1 P 2 with P^ = + A, 

and Pip - e^‘^Pe~'^‘^ = Q 1 Q 2 with Qk = The principal symbol of q^, in the sense of 

semi-classical operators, is given by 

qk{z,^,T) ^ {-lfi{cr + ifa-f + a{x,^ + if^), f{z,T) = = rdif e R^, 

where a{x, denotes the principal symbol of the Laplace operator A. 

Recalling the definition of the semi-classical characteristics set of a (pseudo-)differential oper¬ 
ator A, with principal symbol a(p), 

char(A) = {p = (z, t) e U x R^ x R+; (^, t) (0,0), and a(p) = 0), 
we have the following results for the characteristics sets of Q^, k = 1,2. 

Lemma 3.3. In V, we have char(2i) n char(22) = 0- 

Proof. Let g = e U x R^ x R+, with (^, r) t (0,0), be such that qi{g) - q 2 {Q) - 0, which 

reads (- l)^/(cr - 1 - ifcrf + a{x, ^ + iff) - 0, for both k - \ and k = 2, meaning that we have 

(cr -I- ifcr)^ = 0, a{x, ^ + iff = 0. 

In particular this implies cr = 0 and fa- = rdstp = 0. As here dstp f Owe thus have cr = t = 0. With 
T = 0, we have = 0, and we thus obtain a{x, = 0, implying ^ = 0 because of the ellipticity of 
a{x,^). ■ 

Lemma 3.4. Let L\ and L 2 be differential operators in V. Let ip € ^°°{Z) and set L^^p - 
k = 1,2. Assume that char(Li_^) n char(L 2 ,(^) = 0. Then the couple {LiL 2 ,p) satisfies the sub- 
ellipticity condition of Definition 2.4 in V if and only if both (L)., p), k = 1,2, satisfy this property. 

Proof. We denote by ij., the principal symbols of Lk^p, k = 1,2, and € = i\i 2 the principal symbol 
of e^^LiL 2 e~'^'^. We observe that 

(ij) = \€l?{h,€2} + \€2\^{h,il}+m\\i2\, 

for some function /. If {(,p) satisfies the sub-ellipticity condition and if ifig) - 0, with g = 
(z,f,T) e U X R^ X R+, then f2(p) 4 0 and 0 < {i,i}{g)ji = K2p{A,A)/h thus yielding the 
sub-ellipticity condition at p for ^ 1 . The same argument applies for £ 2 - 

Let us now assume that £\ and £2 both satisfy the sub-ellipticity condition. If £{g) = 0 then 
either £i{jg) = 0 or £ 2 (jg) = 0. Let us assume that £\{g) = 0. Then £ 2 {g) f 0 and {£\,£\]{jg)li > 0 . 
We then have {£,£}{g)ji - \£ 2 {Q)?'{£\,£\}{Q)li >0. ■ 

By Lemma 2.5, the couples {P^, p) satisfy the sub-ellipticity condition in V. From Lemmata 3.3 
and 3.4 we deduce the following result. 

Corollary 3.5. The couple {P, p) satisfies the sub-ellipticity condition of Definition 2.4 in V. 

3.4. Proof of the estimate at {5 = 0). The proof of Theorem 3.1 uses Lemma 4.3 in [BL15]. 

Proof of Theorem 3.1. We denote by a{g) the principal symbol of {Pip -t- Pp/2 and by b{g) that of 
{Pip - P*ip)l{2i). We have a e 5^’° and b e sl’^. We set A = Op(a) and B - Op{b) and 

Qa,b{w) = 2Re{Aw, Bw)+. 

The sub-ellipticity of (P, p) given by Corollary 3.5 reads 

a{g) - b{g) = 0 ^ {a, > 0, p e U x R'^ x R+. 

With Lemma 4.3 in [BL15], we obtain, for some C > 0 and C > 0, for r > 1 chosen sufficiently 
large, 

Cllvlp .^ < C'(||Av||+ -I- \\Bv\\l + |tr(v )|3 i/ 2 ,r) + ^iGaAv) - Re^afiiv)), 
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where \3^a,b{v)\ < |tr(v )|3 j^ 2 t’ ^ with w e x R) and supp(w) c W. We thus 

obtain 

T"^l|v|l4,^ < ||(A -I- iB)v\\l + |tr(v)|3 i^2,r- 

3 0 

As we have = A + iB mod , by taking t sufficiently large, with the usual semi-classical 
argument (3.1) we obtain 

(3.2) T-l/2||v||4,,<||P^v|U + |tr(v)|3,i/2,r- 

The conclusion of the proof is then classical. ■ 

Proof of Corollary 3.2. Let W be an open set of R^ such that W (s W' <£ L and let;^,^ € 
be such that;T = 1 in a neighborhood of W and^ = 1 in a neighborhood of supp(Y). 

We may apply estimate (3.2), equivalent form of the estimate of Theorem 3.1, to the function 
T^^^T^(z)A~y^v, for V = W|z, with w € x R) and supp(w) c W. Observe that we have 

X{z)A~^l'^v = A“^v -I- Rq-mv, P^xiz)A~]^v = x{z)P^A~^l'^v + R^-mv, 

because of the support of v, with Rq-m £ and Rh-m £ for any M e N. 

Setting V = e A^(R+), we thus obtain, with (3.2), 

(3.3) T“^/^||v||4,.r ^ \\xP>pV\\+ + I tr(v)|3j/2,r + l|v||4-M.r- 
We then observe that we have 

T-'/"||v||4,r = - l|v||4,-l/2,r. 

We also have | tr(v )|3 i/ 2 ,t = h‘(v)l 3 ^o,r> as [Di,Ay - 0, r € R. Next, as € 

T'r we have 

\\xP,pn+ < T^^^\\A-fxP^v\W+T^'>\k-3/2,r < \\P^v\W+T^^%\k-3/2,r. 

From (3.3), we thus obtain 

l|v||4,-l/2,r < I|F^V||+ -I- T^^2|tr(v)|3_o,r + 'r^^^l|v||4,-3/2,r. 

With the usual semi-classical argument (3.1) we conclude the proof, as ||v ||4 _i/ 2 ,t ^ ■ 

4. Estimate at the boundary (0, S o) x dQ. 

4.1. A semi-classical calculus with three parameters. We set TV = R^ x R^, N - d + \, often 
referred to as phase-space. A typical element of TV will be X = {s, x, cr, ^), with 5 € R, x € R^, 
cr € R, and ^ e R'^. We also write x - {x', xf), x' e R^“b e R, and accordingly ^ = if' ,^f). 

With s and x playing very similar role in the definition of the calculus, we set z = {s, x) e R^, 
z! = {s, x') € R^“', and zn = Xd- We also set ^ = (cr, ^) e R^, = (cr, ^') e R^“b and = ^d- 

In this section, we shall consider a weight function of the form 

(4.1) <Pr,£(z) ^ iffsiz) = (A(£z',za), 

with y and s as parameters, satisfying y > 1, e € [0,1], and if/ € <^oo(rW) rpp define a proper 
pseudo-differential calculus, we assume the following properties of if/: 

(4.2) if/ >0 0, < oo, k € N. 

In particular, there exists k > 0 such that 

(4.3) sup < (k-I-1) inf i/^. 
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4.1.1. A class of semi-classical symbols. We introduce the following class of tangential symbols 

depending on the variables z € e R^“' and t e R^. We set Aj - + \tf. 

Definition 4.1. Let m e R. We say that a(z, C^ ^ ‘i^^“(R+ x R^“^ x R^) belong to the class S'™, 

if, for all multi-indices a e N^, /3 € 5 e N^, there exists Ca,p ,5 > 0 such that 

C, i)\ < {z, C, t) e X x R^, |t 1 > 1 . 

If r is a conic open set of R^ x R^“^ x R^, we say that a € S“. in L is the above property holds 
for {z,(',t)€T. 

Note that, as opposed to usual semi-classical symbols, we ask for some regularity with respect 
to the semi-classical parameter that is a vector of R'^ here. 

This class of symbols will not be used as such to define a class of pseudo-differential operators 
but rather to generate other classes of symbols and associated operators in a more refined semi- 
classical calculus that we present now. 

4.1.2. Metrics. For r* > 2, we set 

M = R^ X R^ X [t*, -too) X [1, -too) X [0,1], 

Mt - R+ X R^“^ X [t*, -too) X [1, -too) X [0,1]. 

We denote by p = (z, t, y, s) a point in Af and by g' - (z, r, y, s) a point in Afj- 

We set f = Tyify^siz) € R+. For simplicity, even though f is independent of we shall write 
f = fig'), when we wish to keep in mind that f is not a simple parameter but rather a function. As 
(A > 0, T > T*, and y > l,we note that we have f > r*. We then set 

A? = T?(p) = + f(g'f, 4, = A^yig') - + f(g'f. 

The explicit dependencies of Af and /lT,f upon g and g' are now dropped to ease notation in this 
section. Similarly, we shall write tpiz), or simply tp, in place of ^y,e(z). 

We consider the following metric on phase-space TF = R^ x R^ 

(4.4) g - (1 + yefwf + y^\dzN? + 

for T > T*, 7 > 1, and e e [0,1]. (Note that this metric is not to be confused with the Riemannian 
metric g on n.) 

On the phase-space 'TF' = R^xR^“^ adapted to a tangential calculus, we consider the following 
metric: 

gT - (1 + ysf\dzf + y^\dzN\^ + A^^dC'\\ 
for T > T*, y > 1 , and e € [ 0 , 1 ]. 

The first result of this section shows that the metric g on TF defines a Weyl-Hdrmander pseudo¬ 
differential calculus, and that both ip and Af have the properties to be used as proper order functions. 
For a presentation of the Weyl-Hdrmander calculus we refer to [LerlO], [Hdr85b, Sections 18.4-6] 
and [Hdr79]. 

Proposition 4.2. The metric g and the order functions tpy^e, Af are admissible, in the sense that, 
the followings hold (uniformly with respect to the parameters t, y, and s): 

( 1 ) g satisfies the uncertainty principle, that is h~^ = y~^Af > 1 . 

(2) (py^E, Af and g are slowly varying; 

(3) ipy^e, Af and g are temperate. 

We refer to Appendix A.2.1 for a proof. Similarly, we have the following proposition. 
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Proposition 4.3. The metric gy the order functions (py^s, Aj^f are admissible. For the tangential 

calculus we have h~l = (1 + sy)~^Ajf > 1. 

Note that the proof of the uncertainty principle uses that r* > 2. The condition r* > 1 would 
suffice if we chose if/ > ln(2). We preferred not to add this technical condition on the weight 
function 

Consequently, f(p') is also an admissible order function for both calculi. 


4.1.3. Symbols. Let a(p) e x R^), with r, y, and e acting as parameters, and m, r e R, be 

such that for all multi-indices a,/? e N^, with a = (a', aj.]), we have 

(4.5) |5“^a(p)l<C„,^yl“^l(l+^)'"VT“-^', peM. 

With the notation of [Hdr85b, Sections 18.4-18.6] we then have a{jg) € S {f^'Af, g). 

Similarly, let a(g') e x R^“^), with r, y, and s acting as parameters, and m e R. If for 

all multi-indices a = (a', a/\f) € N^,jS' e we have 

(4.6) |5“4^a(p')l < Cap' y'“"'(l + syfVA'I^-/', p' € Mj, 

we then write a(p') e S (fAj-, gj). Observe that S (fAj^, gj) c S (Aj'^F, gj). 

The principal symbol associated with a(g') € S(f''Aj-,gT) is given by its equivalence class in 
S(f''Aj-,gj)/S((l+£y)f''AjZ^,gT). We denote this principal part by (T(a). Often, an homogeneous 
representative can be selected and the principal part is then identified with this particular repre¬ 
sentative of the equivalence class. (Conic sets and homogeneous symbols are precisely defined in 
Secfion 4.1.5 below.) 


We define fhe following class of symbols, fhaf are polynomial wifh respecf fo 


- ZS(A!;!t'^-^,gTX;,. 
J=o 


For a(g) € S™’™ , wifh a(g) = wifh aj{g') e S {Ajt'*^ \ gj), we denofe ifs principal 

parf by o-{a){g) ^ Z'jLo o-(«;)(^’')^^- 

For fhis calculus wifh paramefers fo make sense, if is imporfanf fo check fhaf Af € S (Tf, g) and 
Aj^f € S (Ajy,gr) and f e S(f,g) D S (f, gj)- In facf, fhe laffer property implies fhe firsf fwo. 


Lemma 4.4. We have f = rypy^s e S{f,g) Pi S (f, gr)- 
We refer fo Secfion A.2.2 for a proof. 


4.1.4. A semi-classical cotangent vector. Weseft = Tdz<Py,eiz) = Tyipy^Eiz)d^il/Eiz) = T{g')d^^t]jE{z) € 
R^. As for f, we shall wrife f = f{g'), when we wish fo keep in mind fhaf t is nof a consfanf cofan- 
genf vector. Note fhaf r = (f', tn) wifh 

f\g) = f(y')dyil/Eiz) = £fiy)dyll/{EZ,ZN), TNig') = f(y')d^^il/{£z,ZN)- 

As dyiJ/E € S (e,gj) and d^^iJ/E ^ S(l,gj), we have fhe following resulf. 

Lemma 4.5. We have f' e S (ef, g)^~^ n S {£f, gj)^~^ and tn ^ S (f, g) n S (f, gj). 

For lafer use, we also infroduce fhe following nofafion: 

(4.7) to- = To-(p') = Tds(py,E{z) e R, f^ ^ T^(p') ^ rd^Py^Eiz) e R^“^ = R"^, 

= TdxdPyAz) e R, f^' = f^fg) = rdePyAz) e ^ 
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We then have 

/ A \ ^ /' ^ ^ \ f / A. \ A. A. 

(4.8) T ^ (Ta-,T^) = T ^ {To;T^'), Tn = 

Even thought the following lemma is very elementary, we state it for futur reference. 

Lemma 4.6. Let V be an open set o/R^ such that dxjijciz) > C > 0/or z € V. Then, we have 

(4.9) |t| X X f, z € U. 

Proof. As lli/^'lloo < C, if >C>0forz€Uc R^, then we have |r| < f < and thus the 
result. ■ 

4.1.5. Conic sets and homogeneity. We recall that a set E c R+ x R^“^ x R^ is said to be conic 
if (z, t) € E implies that (z, v(', vt) € E for all v > 0. 

We introduce the map 

/c: Mt ^ X R"“' X R", 

Q ^ {z,C,T7,e) ^ (z,^',t(p'))- 

Throughout Section 4 and Appendix B, we shall use the following terminology. 

Definition 4.7. An open subsetof Air is said to be conic if E =/('(^)isconicinR(^xR^“^xR^. 

A function f ^ E, E a vector space, is said to be homogeneous of degree m if / takes the 
form f = go K with g : R^ x R^“' x R^ —> E such that g(z, v^, vt) = v'"g(z, t), for v > 0. 

In other words, conic sets and homogeneity are to be understood with respect to the variables 
(z, t) instead of the variables (z, r, y, e), where, as above, f = Td^tpy siz) = Ty(py^s{z)dzif/f:{z). 

If is a conic open subset of Air we shall say that a € S (f''Aj-, gj) in if property (4.6) 
holds in with a similar terminology for symbols that satisfy the defining property of s™’"® in 

In what follows, the following lemma will be used for instance, to generate cutoff functions. It 
will also be used to obtain symbols with the adapted homogeneity with respect to and r. We 
refere to Section A.2.3 for a proof. 

Lemma 4.8. Let ^ be a conic open subset of Afj <^nd set E = ). Assume also that |t| x f 

in . Let m € R and d{z,^',t) e Sj. in E (as given in Definition 4.1). We then have a(g') = 
a o K(g') € S (Aj-,gj) in In fact, if a is polynomial in t) the assumption |t| x f in ^ is not 
needed. 

The following lemma is elementary. 

Lemma 4.9. Let ^ be a conic open subset of A\j and let a e S (fAj-, gj) in 'W. Letx £ S (1, gi) 
in Mj, with supp(;y) c . Then, €. S(f''Aj-,gj) in Mj. 

4.1.6. Operators and Sobolev bounds. Eor a e S {fA'^, g) we define fhe following pseudo-differenlial 
operator in R^: 

(4.10) Op(a)M(z) = (27r)“^ / e‘^'^a{z,^,T,y,s)u{^) d^, m € A^(R^), 

where u is fhe Eourier Iransform of u. In fhe sense of oscillatory infegrals, we have 
Op(a)M(z) = ff e‘^^~^^'^a(z,^,T,y,£)u(y) d^ dy. 

R2*' 

The associated class of pseudo-differenlial operators is denoted by '¥(f’'A'”,g). If a is polynomial 
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in the variables ^ and f{g') = fd^i}/e{z), we then write Op(a) e 

Tangential operators are defined similarly. For a e S (f'Aj-, gj) we set 

(4.11) OpT(a)M(z) ^ ff e‘^^'~y'>'^'a(z, C, L e) u{y' ,zn) dC dy', 

R2iV-2 

for u € ^(R^), where z e R^. We write A = Opifa) € T'ff'‘d™gy)- We set Aj- = OpT(/l™-). 

We also introduce the following class of operators that act as differential operators in the zn 
variable and as tangential pseudo-differential operators in the z' variables: 

m 

(4.12) T'™’'- - i: gj)Di,, m e N, r € R, 

j=o 

that is, Op(a) e if a e Operators of this class can be applied to functions that are only 
defined on fhe half-space {za^ > 0 ). 

At places, it will be handy to use the Weyl quantization for tangential operators, namely with 
a e S (fAj-, gj) we define 

(4.13) OpT’^(n')M(z) ^ (27r)“^^"'^ ff e‘^'^'~y'^'da((z'+y')l2,ZN,f',T,y,£)u(y',ZN)df'dy'. 

]g.2M-2 

This quantification is often advantageous as OpT^^Ca)* = Opj'^(d), and thus, for the symbol a real, 
the operator Opr'^fa) is (formally) selfadjoint. Note that OpT(fl:)-OpT'^(a) € (l+£y)'¥(f'^A'fz\gj). 

We now present some Sobolev-bound type result that we shall use in what follows. We use the 
following notation 

for the L^-norm on the half space Mff and the associated scalar product. 

We have the following lemma whose proof is similar to that of Lemma 2.7 in [Le 15]. 

Lemma 4.10. Let r,m e M. and a & S(fAf-, gj). There exists C > 0 such that, for r sufficiently 
large, 

|(OpT(«)n, V)+| < C|| Opj{r'Af',)uU\ OpT(f'-"dV"';)v|U, u, v € .^(R^). 

for r = r' + r", m = m' + m", with r', r" € R, m', m" € R. 

This contains the estimate 

(4.14) II OpT(f^'d™;) OpT(«)n|U < C|| OpT(f'-^'''d7r')«ll+. « e =^(1^). 

for r, m' e R. The proof of Lemma 4.10 relies in the fact that, for r, m € R, 

OpT(r''d“y)OpT(T-''dT;;0 = Id+Ru 

with Ri €(1+ £y)'P(d]:l,gT) and \\Ri\\i 2 ^i 2 1 for r large. 

Note also that we have the following result (see Section A.2.4 for a proof). 

Lemma 4.11. WF have 

(4.15) II Opxif Af ^u\U ^ II OpT(d!;?,)f'-n|U, u € 
and 

(4.16) I OpT(f'-4^)«k.=0-l^2(R.-q - I Opj(Af ,)ru^,,=o\ 2 ^^,-,y u € ,^(R^-1), 

for T chosen sufficiently large. 
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We define the following semi-classical Sobolev norms 

= |AT^f“biv=o+li2(R^-i)> meR, n € 


m 


\\m,f X Z \\A^j/Di^u\W, m € N, U€ ^(R^). 
7=0 


We also set, for m e N and m' € R, 


\\u\\m,m',f ^ Z ||A;7™ Di^ulW, U € ^(R^. 

7=0 

At the boundary = 0) we define the following norms, for m e N and rn' € R, 


I - Z lA™.''"'"' ^ZA,«biv=o+)l^2(]^A,_i), u e ,5^(R7- 

The following argument will be used on many occasions in what follows, for r,r',m € R, and 

{> 0 , 

(4.17) y''\\T’'’w\\m,f ^ ^ \\t'’ w\\m+{,f. 


for T chosen sufficiently large, as y'" < ipy^e = exp('y(/^e) since ij/s > C > 0. We have similar such 
inequalities for the other norms introduced above. 

With the above results we deduce the following two propositions. 


Proposition 4.12. Let r, m € R, and a e S {f''Aj y, gj). Then, for r',m' € R, there exists C > 0 
such that 

|f"' OpT(a)M|z^=0+U/,f < U\zN=oA,n+m',f’ “ ^ 

for T sufficiently large. 

Proposition 4.13. Let r, m' € R, m e N, and a e . Then, for r', m'" € R and m" € N, there 

exists C > 0 such that 

Ilf'’' Op(,a)u\\,„"^m"',f < C||f''+'' u\\,„+m",m'+m"',f, U € 
for T sufficiently large. 


Similarly to Lemma 4.11, we have the following equivalences for norms. 

Lemma 4.14. Let m e N and r, m' € R. We have, for t chosen sufficiently large, 

m . m , 

\\T''w\\m,m',f- Z ll^zjv(^'^^)llo,m+m'-;,f “ Z A.p'-D^^(f''7 w)|| + , 

7=0 7=0 

where r - rl + r'J, and m + m' - j - m” + m'", with rl, r'J € R and m", m'J' e R, f - I,... ,m. 
Similarly, we have 


m . m 


7=0 7=0 


m , f^" . ,, ffi'" 


See Section A.2.5 for a proof. 

Proposition 4.15 (local tangential Carding inequality). Let Wq, Wi be two open sets ofR^, with 
Wo ^ Wi. Let a{g') e S{f''Aj-,gj), with principal part a^^m- If there exist C > 0 and R > 0 such 
that 

Rear,,„(g')>CrA^y, z€Wi, f'€R^-\ t > Aj,f > R, 
then for any 0 < C' < C there exists t\ > r* such that 

Re(OpT(a)M, «)+ > C'l|T''^^M|lo,,„/2,f> T > Ti. 
for u = w\z, with w € 'rff°{{0,So) x R^) and supp(H') c Wq. 
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In many occurrences, we shall use the following microlocal version of the Carding inequality. 

Proposition 4.16 (microlocal tangential Carding inequality). Let ^ c Air he a conic open set. 
Let also x{q') £ ‘^(l^gr) he homogeneous of degree zero and such that supplA) c . Let r, m e K. 
and a(g') € S (fAj-, gj), with principal part ar^m- If there exist C > 0 and R> 0 such that 

Rea^^mC^’O ^ t > r*, /lT,f > R, 

then for any 0 < C' < C, M e N, there exist Cm and tq > r* such that 

Re(OpT(a) OptCl)m, OptCt)^)-^ > OPTCL)M|lo,m/2,f “ CmIImIIq-M, f’ 

for u € and t > tq. 

4.2. Local setting and statement of the Carleman estimate. To explain the construction of the 
phase function, it is useful to use a particular set of coordinates. We set Z = (0,5 o) x O and 
5Z- (0,So)X(9a 

Let zo = (‘5'o^ To) € dZ. In a neighborhood V of zq in , using normal geodesic coordinates for 
the X variable, we can express the principal part of the Laplace operator A in the following form 

(4.18) A = Dl^+R{x,D,.), 

where R{x, D^’) is a tangential differential operator of order 2 with principal symbol r{x, 

(4.19) r{x,0>C\ff, 

where C > 0. We denote by r{x,f', f) the associated real symmetric bilinear form. The boundary 
(0, So)xdQ. is locally given by {za? = 0 ) = {xd - 0}. 

Without any loss of generality we shall assume that U is a bounded open set. 

We then let ij/{z) be defined in and fulfilling fhe properties lisfed in (4.2) wifh moreover, 

(4.20) dxjfiz) ^ dzf.,(l/{z) > C > 0, zeV, 

and we set (fy^siz) - exp(yi/^g(z)) with i/'£(z) = f{ss,sx',Xd), for y > 1 and e e [0,1]. As 
mentioned above, we shall often write tp in place if ^ for the sake of concision. 

The main result of this section is the following Carleman estimate. 

Theorem 4.17. Let P = O']. + A^. Let zo - (■^'o, xq) € (0, ^o) x 50. Let pif) = Py,s{z) he defined as 
above. There exists an open neighborhood W of zo in (0, S o) x W c V, and there exist tq > r*, 
70 ^ 1, So £ (0» 1]. and C > 0 such that 

(4.21) 7 Z ||f3-l“lc"‘^D“,n||A2(z) + Z 

M<4 0<j<3 

< c(|k"^PM|l+ + Z^\e^^Diu\az\y2-j.f)’ 

for T > To, 7 > 70 , £ e [0, eol, and for u - W|z, with w e ^^“((0, Sq) x R^) and supp(w) c W. 

4.3. Root properties. Here, z will be assumed to be an element of V so that all the symbols are 
well defined. We wrife, as in Secfions 2 and 3, 

P = P 2 P 1 , wifh Pk = i-lfiD^ + A. 

Setting P^p = e^^Pe~'^'<^ we have 

(4.22) P^ = Q 2 Qu with Qk = e^‘^Pke-^'^ - (-l)^'(O. + iTds<p{z)f + A^, 
with, in the selected normal geodesic coordinates, 

Ap = = {Dxj + iTdxj<p{z)f + R{x, Dx' + irdx'Plz)), z = (s, x). 
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In fact, we shall write Qk in the following form 

(4.23) Qk = + iTd,,ip{z)f + Mk, Mk = + hd^z)? + R{x, 

This form will allow us, when a smooth square root Hk of Mk is available in the tangential calculus 
associated with gy. to write, up to lower order terms, 

Qk = {Dxj + irdxjifi + iHk){Dxj + - iHk), 

and, then, we shall base our derivation of a Carleman estimate for P on estimates for first-order 
factors. This approach was introduced in the seminal work of A.-P. Calderon [Cal58]. It has 
been used recently to address boundary and interface problems in the derivation of Carleman 
estimates [LL13, CR14]. Of course, the two smooth square roots, H\ and H2, may not always 
be available. Still, on the occurrence of such a case, we shall find fhaf fhe operators Q\ and Q2 
will be characferized by perfeclly ellipfic esfimafes af fhe boundary, fhaf is, one can esfimafe fhe 
semi-classical Sobolev norm of fhe solufion in Q. as well as fhe counferparf norms for fhe fraces 
normal derivafives of fhe solufion on dQ. (wifh fhe nafural 1 /2 derivafive shiff for fhe fraces) - 
see Secfion B.l. As a preliminary to Ibis analysis, we shall sfudy fhe properties of fhe principal 
symbols of Q\ and Q2 and fhe properfies of fheir roofs. 

We denofe fhe principal parfs of Qk and Mk by qk and ruk, which gives, wifh q - {z, t, y, e) 
and4' = (cr,^), 

(4.24) qkio) ^ iU + ixdxMz)? + mig') = i^d + %(p'))^ + mig'), 
wifh 

(4.25) mk{g') = (-l)^/(cr - 1 - ifo-ig')f + r{x,+ if^'ig')), 

recalling fhe definition of f{g') infroduced in Secfion 4.1.4 and using fhe nofafion (4.7)-(4.8). 

For t = (to-, tQ €Rx wifh e 1.^“^ x R, we sef 

(4.26) qkiz, t) = + it^af + miz, t), fhkiz, C', t) ■.= + iia-f + r{x, -V 

We have qk{g) ^ qkiz, t) and nikig') = miz, C, x). 

We now sfudy fhe roofs of qkiz,C wifh ^ = (cr,^'), when viewed as a polynomial in 
fhe variable ^d, wifh fhe ofher variables, z, and t acfing as paramefers. To fhaf purpose, we 
infroduce fhe following quanfify 

(4.27) fikiz, C■. h '■= 44 Re miz, C,t)- 4t|_^ - 1 - (Im ihkiz, 

We infroduce fhe hkiz, ^',t) e C such fhaf 

(4.28) Re hkiz, and hkiz, C, = miz, C ■, t). 

This choice of hkiz, C^ 0 is unique if ihkiz, Ch ^ ®~- In whaf follows, hkiz, C^ t) will only play a 
role in fhis case. 

We may fhen wrife 

qkiz, t) = i^d + + ^iz, C■, 0 = i^d - PkAz, C, t))iU - Pk-iz, C^ 0 ), 

wifh 

(4.29) Pk,±A ± ihkiz, A 0- 

We give some properfies of fhe roofs pk,±iz^ C■, h- 


SPECTRAL INEQUALITY AND RESOLVENT ESTIMATE EOR THE BI-LAPLACE OPERATOR 


27 


Lemma 4.18. Wfe assume that t^^ > 0. Let k - 1 or 2. The roots Pk,+(z, t) and pk-{z, t) are 
both homogeneous of degree one in t), and such that 

(4.30) Imp^_ < -t^j < lmpk,+. 

We also have 

(4.31) pk-=pk,+ ^ pk-=Pk,+ = -ikj ifik^O. 

Moreover, ift^^ > 0, we have 

(4.32) Impp+ go o pkfO. 

In particular, if t^^ > 0, observe that the root pk- remains in the complex lower half plane, 
independently of the values of z, C^ t, while the root pk^^r may cross the real line. 

Proof. The roots are continuous with respect to ^ and t and homogeneity comes naturally. Observe 
that \mpk,± - ± ^thk- As 'R.&hk > 0 then (4.30) is clear. The form of pp+ above yields the 

equivalences in (4.31). 

Finally, as Impp+ = 0 is equivalent to 'Re.hk g t^j. Lemma 4.19 below implies (4.32), since 
Re /ij; > 0 and t^^ >0. ■ 

Lemma 4.19. Let t € C and m - t^. We then have, for xq € K. such that xq + 0, 

|Ret|g|xol o 4xq Re m - 4xq-I- (Im m)^ g 0. 

Proof Let t - x + iy. We have Re m = - y^ and Im m = 2xy and we observe that 

4xq Re m - 4 xq -i- (Im mf = 4(xq -i- y^){x^ - Xq), 

which gives the result. ■ 

Corollary 4.20. We assume that > 0. Let k = 1 or 2. If C > 0, there exists C' > 0 such that 

fikiz, r, t) > c(itf + in")" ^ impkAz, r, t) > c'h, 4t = dtf + 

for (z, C, t) e U n X x R". 

Proof We consider the compact set (recall that V is bounded) 

^ - {(z, t) € UnR^ X R^-' X R^; dj = 1). 

The inequality pk'^C yields a compact set K of By (4.32) in Lemma 4.18, we have Impp+ > 
C' > 0 on K, and we conclude by homogeneity. ■ 

Proposition 4.21. We assume that t^^ > 0. Let k - 1 or 2, we have the following properties: 

(1) There exist 9 q e (0,1) and C > 0 such that if 

z€ V and |f| < 9o dj, 

then the roots pk,± are simple and non real, and moreover 

(4.33) Im PP+ > CAj, Impp_ < -Cdj (z, ^',t)eVx R^'^ x R^, 
with At = (Iff + 

(2) There exists C > 0 such that 

0<t^,< C{\t'\ + in), and in < C|t1, 

ifPk,+ £ where ? = {fa-, ip). In such case, the value of the imaginary part of the second 
root is prescribed and nonpositive: Impp_ = 

(3) There exists C > 0 such that l^l/C < |^'| < C|?|, if A has a double root. 
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Finally, ift^j > 0 and if\t'\jt^j is sufficiently small, and if the polynomial q^, k = \ or 1, has 
a double root, then both roots of the second symbol, qt with k' + k, are in the lower complex 
half-plane. More precisely, there exist Cq, Ci > 0 such that if\i'\ < then 

(4.34) pk,+ =pk,- ^ ^wipk',±<-Cit^^. 

Proof. Proof of point (1). Because of homogeneity it is sufficient to assume that {(', t) is on the 
sphere S = {Ij - 1). If f = 0, then we have rhk - h\ - r{x,f') + (-\)^icr^. Observe that rhk t 0 
here. Otherwise cr = 0 and f = 0, which cannot hold as |^'| = 1. Moreover Rem^ > 0. Hence, we 
have Re h^ > 0. Then we write 

dk = ^ji + h\ = i^d + ihk){fd - ihk), 

yielding pk- = -itik and pp+ - ihk, which gives Impjt- < 0 and Impk,+ >0. As S n {f = 0) is 
compact we find that Imp^^ - < -C < 0 and Impp+ > C > 0, for some C > 0, for \('\ - 1 and 
t - 0. Then, using a compactness argument once more, using the continuity of the roots, there 
exist 00 £ (0,1) such that 

Impp_(z, C, 0 < -C < 0, Impp+(z, C, t)>C' > 0, 

if z e U and |f| < Oq, recalling that V is bounded. We then obtain (4.33) in V by homogeneity. In 
particular this excludes having double roots and real roots. 

Proof of point (2). Observe that the inequality \^'\ < C|f|, in the case of a real root is simply another 
formulation of part of point (1). Next, we observe that \mk\ < 1?!^ + IC?' implies | Re hk\ < |f'| + \C\- 
Since having pk^^r e K. is equivalent to 'R.ehk - t^^ by (4.29), we thus obtain < |f'| + |^'|. As 
Impp_ = -t^j - R&lik, we then have Impp_ = -2t^j. 

Proof of point (3) The equation ihk = 0> which is equivalent to having a double root, reads 

(4.35) r{x,^')-r{x,tp)-{-\fl(Tta- = 0, cr^ - t^{-\)^lr{x,^',tp) = 0. 

From (4.35), using that r{x,.) is uniformly positive definite, we obtain 

ri"<ifpi' + kiia \cT?<\to-? + w\\k\- 

The sum of the two estimates gives < |?p + |cr||pr| + l^^lltpl, and with the Young inequality we 
obtain \^'\ < 1^1. Similarly, from (4.35) we obtain 

\k\^ <W? + \(T\\U \ta?<\cr\^ + W\\H 

and the sum of the two estimates gives |t'p < + |cr||to-| + |^'||fp|, and with the Young inequality 

we obtain I?! < \C\. 

Note that we could deduce that \('\ < |f| from point (1). Here, we have obtained a sharper 
estimate. 

Proof of (4.34). If qk has a double root, then |P| x \^'\ by point (3). Let 6 € (0,1), and set 
Cl = 1 - d. To have Impjt'+ < it suffices to have Impjt/^+ < by Lemma 4.18. With 

the notation of the proof of that lemma, this reads - + Rehk’ < -C\t^^, that is 0 < Rehk' < 6t^j. 

Now as we have | Re/jj^'l < \hk'\ < \mk'\^^^ < I?! + \C\, we find that 0 < Rehk’ < |P| here. The result 
thus follows if we assume that \t'\li^^ is chosen sufficiently small. ■ 

Lemma 4.22. Assume that \i’\ < Cof^for some Cq > 0. There exists do > 0 such that if 6 e (0, do) 
and pkiz, if, t) > -dip with Aj - \t\^ + \ f^, then the roots ofqk are simple. 
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Proof. Because of homogeneity it is sufficient to work on the sphere S = pj - 1)- Writing 
ihk = with Re.hk >0 as in (4.28), we observe that fk ^ S reads 

4(f|^ -t {lmhkf){{Rehkf - fp > -S, 

using the computation of the proof of Lemma 4.19 with xq = Assume that we have a double 
root. In such case ihk = 0 by Lemma 4.18 and \t'\ x \^'\ by point (3) of Proposition 4.21. We then 
have hk = 0, yielding 4?^^ < 6 = 6Aj < 6t^^, using that |?| < Cot^j. Thus, for 6 chosen sufficiently 
small we reach a contradiction. ■ 

Lemma 4.23. Let k - \ or 2. If both d > 0 and \t'\lt^j are sufficiently small, there exists C > 0 
such that for {z,^',t) e V n x x R^ 

fik{z,(',t)>-s%^ ^ \i\<c\a 

with Aj = |f|^ -I- l^'p. 

Proof. Because of homogeneity it is sufficient to work on the sphere S = {Ty - 1)- 

Let us now assume that the implication does not hold. Then there exists ^ 

UnR^'xS, such that > -6 and > n|^4«)|. As {z^^\ ^4”), ?(«)) lays in a compact 

set (recall that V is bounded), it converges, up to a subsequence, to iz^°°\ € U n R^ x S. 

We find that ^ o and mkiz^‘^\ 0, ?“)) = _ r{x, , yiefding 

0, t4“)) . -4(t<7Vr(x, - 4(t<7V + ity < -3, 

for sufficientfy smafl, as we have = 1. For 6 sufficientfy smafl, we hence reach a 

contradiction. ■ 

4.4. Microlocal regions. With the functions fk, k - 1,2, introduced in (4.27) we shall define 
several microlocal regions. Observe first that fk is an homogeneous polynomiai function of degree 
four in {^', t). We thus have fk ^ . in the sense given by Definition 4.1. From Lemma 4.8, we 

find that we have fikiz, t(p0) ^ (4j gi)- We thus define 

(4.36) Me') := ^T^f(e') hiz, C', t(p )) e S (1,gT), k ^ 1,2, Q ^ {z,Lf, r,y, s). 

Observe that we have |r(p')l - T{g')\\d^il/E\\L'=^ ^ Ke')Mz'k\\L‘”- Thus, having f < d6QAjj{Q')l\\dffijM 
for 5 € (0,1], impiies |t(p')I ^ ^odT,f(pO- The value Qq is as introduced in Proposition 4.21. We 
set 01 = ^0 o/II'^z<AIIl”- 

Let 6 € (0,1] and let V be the bounded open neighborhood in R^ of zo ^ dZ, introduced in 
Section 4.2. We set Afj.v = F x R'^"' x [r*, +oo) x [1, +oo) x [0,1]. We define the foilowing 
microlocal regions, for k = 1,2, 

F(V,d) = {p' € Mt,v; z e F f(p') < d0iTT.f(p )1, 

L^-\v,d) = {g' e Mt,v; z € F, Mk(e') < -d), 

4^\v,d) = {g' e Mt,v; z € F, Mk(e') > -d). 

Evidently, we have AIt.v = E^-\v, d) U E^^\v, d). We now set 

£_(F, d) - E^y{V, d) U E^^iV, d), £o(F, d) - E^^^V, d) n E^^\v, d), 

and we have AIt.v - £-(F, d) U £o(F, d). Below, in the text, when no precision is needed, we shall 
use the “vague” terminology E, £_, or £o, to refer to microlocal regions that take the forms of 
£(F,d),£_(F,d),£o(F,d). 
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-5 














Figure 2. Microlocal region In dark color is the region where = 
1. In light eolor is the support The boundaries of the assoeiated 

regions for;^^^^ are marked dashed. 


We let;t^_,;^o ^ with values in [0,1], be such that 

;t'- = 1 on (- 00 ,- 1 ], and supp(;if_) c (-oo,-l/2], 

;t'o = 1 on [-2,+oo), and supp(Yo) c [-3,oo). 

Let To ‘E F be an open neighborhood of zo in and leixva € ^“(R^) be such that suppfYvo) c V 
and;^fyo = 1 in an open neighborhood of Vq. With rj e ^“(-di, 0i), with values in [0,1] such that 
77 = 1 in [-0i/2,0i/2], we set 

XdAQ) = e S(l,gT)- 

and 

Xf{q) = XvA )e >5(l,gT)- 

We set 

X^'sliQ) =XVoiz) (1 -X\i^AQ))X-iMk{Q)IS) e 5(l,gT)- 
Observe that we have 

xf_ = 1 on d) \ F{V, 1/4), suppCir®) c E^^\v, d/2) \ F{V, 1/8), 

and thus 

4!- + > 1 on £_(yo, d) \ F{V, 1 /4), supp(Ar^|l + c £_(y, d/2) \ F{V, 1 /8). 

We finally set 

XbAq') =XVo(z) (1 -Xi/4Ae'))Xo(Mi(e')/^)Xo(M2(e')/^) eS(l,gT). 

Observe that we have 

;y< 5 ,o = 1 on £ 0 (^ 0 ,2d) \ F(V, 1/4) supp(;^r 5 ,o) c £o(y 3d) \ F{V, 1/8), 
and 

(4.37) xf +4!- +4^- ■'■^ 5,0 > 1 on a conic neighborhood of Mt.Vo- 
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Figure 3. Microlocal region fio- In dark color is the region where = 1 • 
In light eolor is the support of X6,o- 


With the microlocal cutoff functions we have just introduced we associate tangential pseudo¬ 
differential operators, all in T(l,gT)^ 

(4.38) Sf^OpiCuf), Ef^_ = Opj(xfl), 1,2, and = Opr 0 T 5 ,o)- 
4.5. Microlocal estimate in the region We prove the following estimate. 


Proposition 4.24. Let M e N. Let k = \ or 1. For 5 € (0,1), there exist tq > t*, jq > 1, and 
C > 0 such that 


(4.39) r^l 


+ |tr(^5:v)l3j^2,f 


for T > Tq, y > jQ, e € [ 0 , 1 ], and for v € 


The term ||v ||4 _M,f in the r.h.s. stands as a remainder that will be ’absorbed’ once the estimation 
in the different microlocal regions are patched together. In fact, observe that this term is much 
weaker than that in the l.h.s. in the Carleman estimate (4.21) of Theorem 4.17. The meaningful 
observation term in the r.h.s. of (4.39) is | tr(v)loj/ 2 ,f> which is of the strength as the terms in the 
l.h.s. of (4.21), and can be found in the r.h.s. of that latter estimate. 


Proof. We have P,p = Q\Qi. We consider the case k = \. The same proof can be written in the 
case k -2. To ease notation we write in place of;^^,- 5 in place of 

In a conic neighborhood of supp(Y) c AIt.v^ with V introduced in Section 4.2, we have < 
-C5. As (4.20) holds in V we have > Cf and thus |t^| x f. By Lemma 4.18, both roots of the 
symbol <71 of the operator Q\ are in the lower half complex plane. Thus, 

(4.40) the operator Q\ fulfills the requirements of Lemma B. 1. 

Also, for the operator Q 2 , without any assumption on the position of the roots in the complex 
plane, we have the following estimate, characterized by the loss of a half derivative and a boundary 
observation term, by Proposition B.IO, for ^ € R, 

(4.41) + I tr(5v)li^^+i/2,f ^ ll225v||oy,f + I tr(5v)|o/+3/2,f. 

for V e ,y'(R+), for r > r* and y > 1 chosen sufficiently large, and s e [ 0 , 1 ] (recall that 
supply) c Mjy which gives supp(Hv) <z V' V, for some open set V, thus permitting the 
application of Proposition B.IO). 
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With (4.40), (4.41), and Proposition B.8, applied with Q~ = Qi and = Q 2 here, and with 
ai = 0 and a 2 = 1 and di = 1 and 62 - 0, we obtain the result of the proposition, by choosing 
T > T* and y > 1 sufficiently large. ■ 

4.6. Microlocal estimate in the region So. We prove the following estimate. 

Proposition 4.25. Let M e N. For do e (0,1) chosen sufficiently small and 6 e (0, do], there exist 
To > T*, yo > 1, £0 £ (0> 1], C > 0 such that 

y||f“^H5,ov||4,o,f + |tr(55,ov)l3 i/ 2 ,f ^ c(||P^o55,ov||+ + | tr(55,ov)li 5/2,f + llvlU-M.f), 

for T > To, y > yo, £ e [0, £ 0 ], and for v € .5^(R^). 

Before giving the proof of this microlocal estimate we need to provide some additional proper¬ 
ties of the symbols nik introduced in Section 4.3 and its square root, h^. Note that the region F is 
introduced to isolate the case where f < C\C\ and this permits to exploit the relation \^'\ < Cf in 
the region £0 \ F. This is used to obtain some symbol properties of h^. 

We recall the form of the tangential differential operator M^, as introduced in (4.23), 

Mk ■= (-ifiiDs + iTds(p{z)f + R{x,D^i + irdx'ipiz)), 

whose principal symbol is given by nitig') := (-1 )^/((t -i- irdsifiz))^ + r(x,f' + iTdx'(p(z)) e 
S(Aj-,gT). Observe that we have the following symbol estimation. 

Lemma 4.26. We have dx^nit € S ((1 - 1 - £y)Aj -, gj)- 

Proof. We write mkig') - {-\fi{(T + iTa-lg'))^ + r{x,^' + if^fg')), with the notation of (4.7). We 
then have 

dxjink = -2{-\f{dxjfo-){(T + iTf) + 2if{x,^' + if^',dxffi^') + dxj{x,^' -V if^'), 

with f{x,f',T]') defined below (4.19). By Lemma 4.5, we have f' - (fo-,t^') e 5'(£f,gT)^~^ 
yielding dxffi' € S {syf, gj)^”', and as dxj{x, f + if^') € S(Aj gj), the result follows. ■ 

Let k = 1,2. If Hkig') ^ -Cd, and for d > 0 sufficiently small then mk + 0 and, equivalently, 
the roots of qk{g) are simple, by Lemma 4.22 since |t'| < for z € V; recall the definition of the 
operator Qk, Qk = (Dxj + iTdxj<p{x)f + Mk, and its principal symbol qk in (4.22)-(4.24). 

Lemma 4.27. Let C,C' >0 and let be a conic open set of Aijy such that pk(.g') ^ -C6 and 
Aj^f < C'|f(x)| in For So e (0,1) and £0 > 0 chosen sufficiently small, if 0 < S < So and 
0 < £ < £ 0 , the symbol mk is elliptic and there exists hk & S (/fj^f, gi) in ^ that is elliptic and that 
satifies 

'y 

f^k ~ cind Re hk > 0. 

Moreover, we have dxffik £ ((1 - 1 - £y)/lT,f, gi) in fAg. 

The second part of the lemma improves, for hk, upon the natural behavior of an arbitrary element 
of / e S (/lT,f, gi) for which we have dxj e S (y/fj,?, gi)- 

Proof. In V, we have dxjiJ/ > C > 0 yielding |t| x f x f by Lemma 4.6. Next, \f'\lf^j can 
be made as small as needed by choosing £ > 0 small. Thus, if we choose d e (0, do] and £ > 0 
sufficiently small, by Lemma 4.23 we have |t(x)| < \^'\ and with the additional assumption made 
here we obtain 


(4.42) 


\C\ “ T “ 


in fAg. 
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Figure 4. Open neighborhoods of zo 6 dZ introduced in the course of the 
proof of Theorem 4.17. 

If rukig') remains away from a neighborhood of the negative real axis in the complex plane for 
g' € we can then define hk{g') as the principal square root of mtig'). Then, it is straightforward 
to obtain hk € 5'(/lT,f,gT) in In fact, if we assume \ \mmk{g')\ < a/lj-, as we have, recalling 
the definition of in (4.36), 

^^k{g)^\^r^g) ^ 4t|^ 'R&mkig) - 4t|^ + {\mmk{g)f 
it yields, using (4.42), Remjt(p') > t|^( 1 + ^(d + a)). By choosing a and 6 sufficiently small, we 
obtain Re nikijg') > in '^ 5 . 

As nikig') is homogeneous of degree two, we find that hj^ is homogeneous of degree one in '^ 5 . 
Recalling that z = (x, s) remains in a compact domain here, we thus find 

(4.43) lW)l>4T,f inl^. 

Next, as = nik 0 in we may write, with Lemma 4.26, 

Ihkdxjhk = dxjmke S ({I + Ey)Aj :^,gj). 

which yields the result using the ellipticity estimate (4.43). ■ 

We let;y ,xs\ ^ “^(l, gi) be supported in Atj y, homogeneous of degree zero, and be such that 
> -Cd for both k = 1,2 on their supports and;^^ ! = 1 in a conic neighborhood of supp(Y 5 ,o) 

and X = 1 in a conic neighborhood of suppfu^i). Recalling the notation of Section 4.4 and 

s 

the microlocalization symbols constructed there, this can be done as follows, for instance for the 
construction of;^f^j. Let;Ti € "^“(R) be such that 

supplui) c [-4, - 1 - 00 ), = 1 on a neighborhood of [-3, - 1 - 00 ). 

We also introduce Ti c T an open neighborhood of suppluvo) in R+, in particular Vq (e Vi (the 
local geometry is illustrated in Figure 4) and we choose xvi € -^“(R^) such that 
Xvi = 1 on a neighborhood of Vi, suppfuvi) c V. 
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We set 

X5 ,\{q) =xviiz) (1 - xineAe')) xi(piie)is)x\(.i^ 2 ig')is) €Sii,gj). 
we have;t '51 = 1 in a conic neighborhood of supp(;^f 5 o)■ 

We choose do > 0 sufficiently small so that the results of Lemmata 4.22 and 4.23 apply, that is, 

on supp(Y ) the roots of are simple and |t(p')l ^ l^1> and also the result of Lemma 4.27 holds 
— s 

for a conic neighborhood of suppOt" )> for ^ ^ (0> <^o) and for £ > 0 chosen sufficiently small. 

—s 

With the value of 6 fixed now, to ease notation we now write;^f,;^fo^4'l in place of x^,X6,0^X6,i and 
So, Si in place of Opt(u<5,o), Opt(u<5,i)- 

Lemma 4.28. Letx = Xo orx\ and, accordingly, E = 'Eq or Si. We have 

Qk^ = Qk,+ Qk,-21 + (1 + 'yE)Rlil + R-M 
= Qk,-Qk,+^ + (1 + 'Y£)RA + 

where Qk,a = - iaOpAih^x)), a € {+,-}, andRi,R\ € 'P(/lT,f,gT) and R-m,R'_m ^ 

gj), for arbitrary large M € N. 

Proof. In the proof we shall denote by Rj a generic operator in fi'(/l|-,gT), j £ whose expres¬ 
sion may change from one line to the other. 

Observe that we have, for any M e N, 

MkE = Mk Opt(u)^S 4- R-m ^ Opj{mk)^)E -i- (1 -i- ye)R]E + R^m- 

With Lemma 4.27 applied with f/s, a conic neighborhood of supp(;y), we have 

Opjinik)^) = OpjQikA^ mod y£)Aj^f, gj), 

using the properties of the tangential calculus (see Proposition 4.3). This yields 

MkE = Opj{hkxfE -I- (1 -I- y£)RiE + R-m 

- OpAihkxfE + (1 + ye)R,E + R.m- 

We then find 

QkE - {Dxj + if^j)^E + MkE 

= {Dxa + % + i OpA(hkxADxj + iA - i OpAihkx))^ 

+ i[Dxj + /%, OpA(hkX)]^ + (1 + re)f?iS R-m, 

In fact, the order of the operators can be changed and we find 

QkE ^ {Dxa + - i OpA(hkx))iDxj + + i OpA(hkx))'^ 

- i[Dxj + /%, OpAihkx)]^ + (1 + yE)Ri^ + R-m- 

The following lemma then yields the result. ■ 

Lemma 4.29. Let x - Xo or xi and, accordingly, E = Eq or Si. We have, for a € {-i-,-}, 
+ ^ -ia[Dxj + if^j,OpA{hk)df^ = {l+ye)RiE + R-M withRi € 'P(TT,f,gT) and 

R-m e 'TCdyf ,gT). 

Proof. We have [f^^, OpA{hkX)\ e 'P((l + Te)dT,f, gi) as a consequence of the tangential calculus 
we have introduced. We have OpAffkX)] - Opj'^ (Dxfhkx)). We then write 

Dxfhkx) = Dxfhk)x + hkDx^ix)- 
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Because of the definition of;^^ we have D^^xio') = 0 in supp(Y(^'))- Thus ^ 

m{Aj^,gj), for any M € N. Next, by Lemma 4.27 we have, x^x^hk £ 5'((1 -i- e'Y)Aj^f, gj), which 
concludes the proof. ■ 

Lemma 4.30. Letx = Xo orxi and, accordingly, 5 = Hq or Si. Letk,i € {1,2} anda,b e {+,-}. 
We have, for any M € N, 

VQk,a, = (1 + je)R\'B, + R-m, [T>xrf + Qk,aQc,b]'^ = (1 + y£)Ri,\'B, + Ri-m, 
with Ri e 4'(dT,f,gT), Ru e ^ R-m e andRi,-M e 

Proof. Since \Ppj'^{hkX), Qiix)] e 'P((l -i- y£)Aj f, gj), using the properties of the tangential 
calculus (see Proposition 4.3), the result follows from Lemma 4.29. ■ 

We may now provide a proof of the microlocal estimate for the region Sq. 

Proof of Proposition 4.25. In the proof, we shall denote by Rj^k a generic operator in j € N, 
^ € R, whose expression may change from one line to the other. We denote by M an arbitrarily 
large integer whose value may change from one line to the other. 

With the previous lemmata we write, using that;^i = 1 on supp(Yo)> 

(4.44) PfB.Q - QiQi^o = Qi^iQi^o + Ra.-m 

- 2 i,-Gi,+^i22 -22 ,+So + (1 + yelRi.i^o + R 4 -M 
= Qi,-Qi,+ Q2 ,-Q2,+^0 + (1 +ye)^ 2 ,lSo +R 4 -M 

- 22,-Si 22,+So + (1 -I- 7£)/?2,iSo +R 4 -M 

- 2 i,-22 ,-2 i,+^i22,+So + (1 + 7£)7?2,iSo + 

- 2 2^So + (1 + y£)7?2,iSo + Ra-m, 
with Q- ^ 21,-22,- and 2+ = 2i,-H22,-h- 

9 n 

The principal symbol of Q~ is q~ = qi-q 2 - ^ S in a conic neighborhood of supp(Yo), where 
all the roots of q~ have negative imaginary parts. Thus, 

(4.45) the operator Qf fulfills fhe requiremenfs of Lemma B. 1 . 

For bofh Qy + and 22 ,-h we have fhe following esfimafe, characterized by fhe loss of a half 
derivafive and a frace observafion, as given by Lemma B.6, for f”, m € R, 

yi/'ir-i/25ov||i,r,f < ||T'"2L+5ov||o,Lf + Itr(f'”Hov)lo,^+i/ 2 ,f + llv||o,-M,f, k = l,2, 

for V e ,y'(R^), and for t > Tt, and y > 1 chosen sufficienfly large, and s € [0,1]. Then, according 
fo Proposifion B.7, applied wifh ai = a 2 = h we have fhe following esfimafes for fhe operator 
Q^, for M > 0 and ^ € R, 

(4.46) y||T“^5ov||2,Lf + I tr(Sov)liy+i/2,f ^ ll2'"Sov||o,Lf + I tr(Sov)li,f+i/2,f + l|v||2,-M,f, 

for V € ,5^(R^), and for r and y chosen sufficienfly large. 

Wifh (4.45) and (4.46), applying now Proposifion B.8, and using fhaf, for any M € N, + 
if^^, 2^]Si = (1 + y£)/?i j5i + Ri-m by Lemma 4.30, we obfain 

yllf^HovlU.o.f + I tr(Sov)|3j/2,f < ll2“2'"Sov||+ - 1 -1 fr(Hov)|i,5/2y + l|v||4,-M,f, 

for V € and for t > and y > 1 chosen sufficienfly large, for e e [0, ei] wifh £1 > 0 

chosen sufficienfly small. Finally, wifh (4.44), we conclude fhe proof of Proposition 4.25 by 
choosing y large and e € [0, £ 2 ] with £2 > 0 chosen sufficiently small. ■ 
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Remark 4.31. Note that the end of the proof of Proposition 4.25 is a point where the introduction 
of the second large parameter y is crucial. Even in the case e = 0, that is for a weight function that 
only depend on the variable zn, taking y large is needed to conclude. 

4.7. Microlocal estimate in the region F. In the region F we have f < Aj f and the symbols 
of the operators Qk are characterized by two simple roots that are separated (see the first item of 
Proposition 4.21). We prove the following estimate. 

Proposition 4.32. Let M € N. There exist tq > r*, yo > 1, and C > 0 such that 

ll'^FVlU.O.f + I tr(‘=^FV)|3j/2,f ^ C'(ll-f’vJ‘^FV||+ + I tr(.Sf v)| i 5 / 2 ,? + l|v||4-M,f)^ 
for T > To, y >yo, £ e [0,1], and for v e 

Proof. We write ;yo - Xf and Ho = H^, to ease the reading of the proof. 

We also \e.ix\,X ^ be supported in Mjy, homogeneous of degree zero, and be such 

that |t(p')l ^ jSoAj^fig') in their support (using the notation of Section 4.4) and such that;yi = 1 
on a conic neighborhood of supp(;yo) and;y = 1 on a conic neighborhood of supp(;yi). This can be 
done as follows, for instance for the construction of;yi. We introduce Ui c U an open set of 
that is a neighborhood of supp(;t^yg) in R^, in particular Vq ^ Vi (the local geometry is illustrated 
in Figure 4) and we choose jifyj € ^“(R+) such that 

Xvi = 1 on a neighborhood of Vi, supp(;yyj) c U. 


We set 


Xiie') =XVi{z)X4.F e 5(l,gT), 

with the function as introduced in Section 4.4. We have |f(ip')l ^ ^^o^T,f(£>0^ which leaves 
“enough room” for a similar construction for;^. We set Hi = OpjCyi)- 

With Proposition 4.21, in a conic neighborhood of supp(;y) the roots of qk,k- 1,2, are simple, 
and we may write 

dkio) - qk,+{g)qk-(.Q), qk,±{g) = ^d-Pk,±{g), 

where pk,± e S (/Ij.f, gr) in a conic neighborhood of suppt^y) and there we have 

\Ta.pk,+ > CTt.t, Imp/t- < -CTt.t- 
We set Qk,± = - OpT'^(uPyt,±)- 

In the proof we shall denote by Rj^k as a generic operator in y € N, k € R, whose expression 
may change from one line to the other. 

Lemma 4.33. Let H = Hq or Hy We have, for arbitrary large M e N, 

Qk^ = Qk,+Qk,-^ + 7^1,oS + R 2 -M 
= Qk,-Qk,+^ + + Ri-m- 

Proof. We have 

Qk.vQk,- = Dl - (Opt"(upp+) + OpT^(xPk,-))D,, + OpT^(xPk,^)OpT^(xPk,-) + yRo.t- 
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We thus find, for any M e N, 

Qt,+Qk,-^ = {OpT^(x)Dl - (Opt'"(yPl+) + Opt"'(uPl-))£>., + Opt'"(uPl+)Opt^(uPL-))h 
+ 7 ^ 1 , 0 ^ + Ri-m 
= + yRiflE + 7?2,-m 

- Qk^ + yRifi’^ + Ri-m- 


This result yields, for any M e N, 

(4.47) Pip'^Q - QiQi^o = Qi^iQi^o + Ra-m 

= 2i,-2i,+^i22,-G2,+So + 7f?3,o5o + R 4 -M 
- 02,-22,+So +y/?3,oSo + R 4 -M 

= Q + 7^3,oSo + R 4 -M, 
where Q~ = 01 ,- 22 ,- and 2+ ^ 0 i,+ 02 ,+- 

Both roots of the symbol q~ of the operator Q~ are in the lower half complex plane in a conic 
neighborhood of supp(;yo)- Then, with Lemma B.l we have the following perfect elliptic estimate, 
for any M > 0, 

(4-48) l|Sov||2,o,f + I h(Sov)li i/2,f ^ 110 Sov||+ - 1 - ||v||2,-M,f, 

for V € for r > r* and y > 1 chosen sufficiently large, and e € [0, 1 ]. 

The roots of the first-order factor Qk,+, ^ = 1 or 2, are in upper half complex plane. Then, with 
Lemma B.4, we have the following elliptic estimate, yet with a trace observation term in the r.h.s., 
for M > 0 and 7” € R, 

ll|Sov||iy,f < C(ll0L+Sov||o,Lf + I tr(Sov)loy+i/ 2 ,f + llT|lo,-M,f), 

for V € ,5^(R(^), for r > t* and y > 1 chosen sufficiently large, and s e [0,1]. Then, according to 
Proposition B.7, applied with ai = a 2 = 0 and 61=62 = 0, we have the following estimates for 
the operator Q*, for M > 0 and 7" € R, 

(4.49) ll‘^ 0 V|| 2 ,f,f + I tl'(‘==‘ 0 T)ll,^+l/ 2 ,f ^ ll0^‘=^OT|lo,Lf + I h(‘^ 0 T)ll,r+l/ 2 ,f + l|v|| 2 ,-M,f> 

for V € ,5^(R(^), and for r > r* and y > 1 chosen sufficiently large. 

Applying now Proposition B.8, with (4.48) and (4.49), we obtain 

ll‘^0V||4,0,f + I tl'(‘=^0T)l3,l/2,f ^ 110 0^‘^OT||+ + I tr(‘^0T)ll,5/2,f + Il^ll4,-M,f> 

for V € and for r > t* and y > 1 chosen sufficiently large, for e € [0,1]. Finally, with 

(4.47) , we conclude the proof of Proposition 4.32 by choosing t and y large. ■ 


4.8. Proof of the Carleman estimate of Theorem 4.17. We choose W an open neighborhood 
of zo in R^ such that W <s Vo (see Figure 4). Let u = w\z, with w e ^^{{0,So) x R^^) and 
supp(w) c W. We set v = e'^'^u. 

We collect the different estimations that we have obtained in Propositions 4.24, 4.25, and 4.32. 
For some d = do e (0,1) to be kept fixed, for to > r*, yo > 1, and eo e (0,1] we have 


(4.50) y-2 v||4,o,f + I tr(5^!v)|3 ^ ll^v>S^-Vll+ + I tr(H^!v)| 


V“(5,- 




0,7/2,f 


+ I|V||4,- 


■M,f, 


for k = 1 , 2 , and 


(4.51) 


y||f ^S^^ovlko.f + |tr(55,ov)l3 i/ 2 ,f ^ ll^</)S5,ov||+ + I tr(S5,ov)li 5/2,f + Ilv|l4,-M,f, 
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and 

(4.52) IISfvIUat + I tr(HFv)| 3 j/ 2 ,f ^ II^ 4 o 5 fv||+ + | trCH^v)! 1 ^ 5 / 2 ,f + ||v|| 4 -M,f, 
for T > To, r > ro, e e [0, eol- 

We then pick a > 0 meant to be chosen small in what follows, and we shall consider a((4.50) + 

(4.52) ) + (4.51). We will choose r sufficiently large so that > 1. 

We first note that we have the following lemma whose proof is provided below. 

Lemma 4.34. There exists C > 0 such that 

v|| 4 ,o,f + rll'f~^S 5 .ov|| 4 ,o,f + Q;||Sfv|| 4 ,o,f > Cy||f“^v|| 4 ,o,f, 

k=l ,2 

for T chosen sufficiently large. 

With a similar, yet simpler, proof, we have the following lemma. 

Lemma 4.35. We have 

a Z I tr(H® v)| ! tr(5<5,ov)l3 1 „ f + «l ^^i^Fv)\xii 2 ,f ^ “I h-(v)l3j/2,f, 

k =\,2 ’ • • 

for T chosen sufficiently large. 

With these two lemmata we obtain 

(4.53) rl|f-iv|| 4 ,o,f+ a(||Hfv|| 4 Af + r^ Z v|| 4 ,o,f) 

+ <T|tr(v )|3 i/ 2 ,f ^ a(r.h.s.(4.50) + r.h.s.(4.52)) + r.h.s.(4.51). 

The next lemma is crucial in the computation of the commutator [P^p, H^ol- A proof is given 
below. 

Lemma 4.36. We have [P|^,55_o] = Op(g) + Op(/i)+y ^/?3 _i, where g,h e yT'?’° andR^-i € 
with 

• S{q) = Oforz in a neighborhood of Vo 

• Hg) = 'L]=o^j{Q')^d, hj e yT(T^“/,gT), homogeneous of degree 3 - j, andx^gl + xfl + 
Xf ^ \ in a conic neighborhood o/supp(/j;) in the variables (^, r, y, e), for z e Vq, 
7 = 0,...,3. 

We have e y/? 3 ,o, for H = 5^^, 5® or 5^. Lemma 4.36 gives, for any M € N, 

II Op(g)v||+ < ||v ||3 _M,f, and we obtain 

a Z ll^y^ 5 ^-^ll+ + ll^</>S5,ov||+ + a\\P^’EFv\U < l|/’^cv||+ + II Op(/i)v||+ + ay||v||3,o,f + y^llvlb-i.f■ 

k =\,2 

From (4.53) and (4.50)-(4.52) we thus obtain, for a chosen sufficiently small (and kept fixed for 
fhe remainder of the proof) and r chosen sufficiently large 

(4.54) y||f“^v|| 4 ,o,f + IISfvIU.o.t+ r^ Z IIt“^^^S® vlU.o.f 

<:= 1,2 

+ I tr(v)l 3 ,i/ 2 ,f ^ ll^pv||+ + I tr(v)|i^ 5 / 2 ,f + II Op(/i)v||+. 
We set;y = x^^]. We have the following lemma whose proof is given below. 

Lemma 4.37. Let W be an open set ofMf with W <£ Uq- There exist C > 0 and t\ > r* such that 
\\Opj{hj)w\\+ < Cy(|| OpT(u)w||o, 3 -;;f + r(l + s7)\\w\\o,2-j,f), far w e ,5^(1R+), supp(>v) c W and 

T > Tl. 
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Thus, we obtain 

||Op(/j)v||+ < ^ \\Opihj)DijV\\+ < Yj rll OpTOT)Oiv||o,3-;,f + r(l + er)IMl3 ,-Lf- 
j=0 j=o 

T-LO 


As [OpTCt')> ^ ’ we obtain 


II Op(/z)v||+ < y|| OpT(Y)v||3,o,f + y l|v||3,- 


T,r 


y( Z IIS®v||3,o,f + IISpvibAf) + y'llv|l3,-i,f. 




Using this estimate in (4.54), for t chosen sufficiently large, we thus obtain 

rllT^'^vlU^oy + l|Sfv||4,o,f + y^ Z I|t“^^^H® vlU.o.f + I tr(v)|3 i/2,f ^ II^¥3V||+ -i-1 tr(v)|i 5/2,?. 

k=l,2 

The end of the proof of Theorem 4.17 is then classical. 


Proof of Lemma 4.34. With Lemma 4.14 we may write 

X ^ cryJ X IIt'^^^^S® v||4,o,f + yl|T“'H;^,ov||4,o,f + a||Sfv||4,o,f 


k=l,2 

> i(ay^ Z ||f-i/X7’Di.C^II++rllT-'AT7<S,,ov|U + a||A;7Di,5fv|U) 

/=0 <:= 1,2 ’ ’ 

yielding 

Z ||t-1a^7d 75®vlU + ||f-iA;7D75,,ov|U + Ilf-'A^VD^S^vlU), 

as a > using, on the one hand, that < 1 since r > r* > 1 

and if > \, and, on the other hand, that > 1 implies = a{Tyip)^l^ > y^^^ since ip > \. 
We then find, with/j = +T® +T< 5 ,o +Xf eS{l,gj),X > y ^7 OPt(^>II+- 

[d{j, Opt(/z)] e yffi7^ obtain 

X + y2||f-iv||3,o,f > y Z ||f-iA^7 Opt(/j)d 7 v|U. 


j=o 

By the (local) Carding inequality of Proposition 4.15, as h{g') > 1 in a neighborhood of Vq n 
that contains supp(v), we obtain 

X-l-y^||f“'v||3,o,f > y Z l|T“^07v||o,4-;,f X yl|T“^v||4,0,f, 

3=0 

We conclude by talking r sufficiently large with the usual semi-classical inequality (4.17). 




9 3—1 

Proof of Lemma 4.36. Up to y S-’ , the principal symbol of [P^, S^^q] is given by -i{pip,X6,o\^ 
and thus involves derivatives of;y 5 _o- We recall the form of;L 5 ,o> as introduced in Section 4.4, 

X6,o{q) ^XVaiz) (1 -XllAAQ))XoiPl{Q)IS)XoiP2{Q)IS). 

Computing -i{P(p,X6,o\^ we obtain the following list of terms. 

Terms involving derivatives of XVo(z)- Those terms contribute to the symbol g that van¬ 
ishes in a neighborhood of Vq. 
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Terms involving derivatives of Those terms are supported in < f < 

^idT,f/4), using the notation of Section 4.4. As;t^i f = 1 for f < 6\Aj^fl2, we see that 
Xf{q') = XVoiz)xi,F{Q') = 1 in a neighborhood of the support of those terms for z € Uq- 
Those terms contribute to the symbol h. 

Terms involving derivatives oixaU^kiQ')!S), k = \,1: From the definition of xo we see 
that those terms are supported in {-3 < fikiQ')IS < -2}. We have x-(f^k{Q')IS) = 1 
in a conic neighborhood of this set. As xixio') + (1 ~ Ti/4,f(^’ 0) > 1 we find that 
Xf{q') +X^s\{q') > 1 in the support of those terms if z € Uq- Those terms contribute to the 
symbol h. ■ 

Proof of Lemma 4.37. L^txwiz) e be such thatxw = 1 in a neighborhood of W. The 

microlocal version of the Carding inequality of Proposition 4.16 gives, by Lemma 4.36, 

Re{OpT(x)OpT(xwhj)w,Opj(xwhj)w)+ + ||w||o__^_^ > || Opt(uw/z 7 )w||+. 

Then, with the Young inequality, we obtain 

II OpiO) Opj(xwhj)w\\+ + ||w||o-M,f, ^ II OpT(xwhj)w\\+. 

Since Opj(xwhj)w = Opj(hj)w + Rq-mw, with Rq-m £ for any M e N, we obtain 

II OprCu) OpT{hj)w\\+ + llwllo-M.f, ^ II OpT{hj)w\\+. 

As [OpTCt')> Opj{hj)] e y(l + ey)'P(/l^~y, gT)^ we obtain the sought estimate. ■ 

5. Spectral inequality and application 

We start this section by stating and proving an interpolation type inequality. Next, we prove the 
spectral inequality of Theorem 1.3. Finally, as an application, we state a null-controllability result 
that follows from it. 

5.1. An interpolation inequality. Let So > 0 and a € (0, So/2). We recall the notation Z = 
(0, So) X Q. and we introduce Y = (a. So - a) x O for some a > 0. As is done in other sections, 
we denote by z - {s, x) e Z, with 5 € (0, S o) and a € C. We recall that P denote the augmented 
elliptic operator P \= + B, where B = A^. 

Theorem 5.1 (Interpolation inequality). Let & be an subset ofQ.. There exist C > 0 and 5 e (0,1) 
such that for u € H‘^{Z) that satisfies 

uis, A)Ug5n = 0, dyu{s, x)\xedn = 0, 5 e (0, So), 

we have 

(5.1) l|M||//3(y) < C\\u\\]fU\\Pu\\,2fz^ + Z l|5iM|i=oll//3-j(^)^ . 

' 0<j<3 

First, we provide a local interpolation estimate in a neighborhood of a point of {0} x 

Lemma 5.2 (local interpolation near s = 0). Let xq € G, there exist V a neighborhood of (0, ao) 
in R X R'^, C > 0, and d € (0,1) such that for u € H^{Z) we have 

(5-2) ll“ll//3(ynz) ^ J\diu\s=o\\H^-J(^)) ■ 

Second, we provide an interpolation estimate with an interior observation, that is, we have an 
estimate away from the boundary 0 x Q. 
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Proposition 5.3 (Interpolation with an interior observation). Let be an open set in Z. There 
exist C > 0 and 5 e (0,1) such that for u € H^{Z) that satisfies 

u{s, x)\^edo. = 0, dyu{s, x)\xedn = 0, 5 e (0,5o), 


we have 

(5.3) l|M|l//3(r) ^ C\\u\\"^fP^2,i}\Pu\\i2(z) + \\u\\il{T^ ■ 

With these two local interpolation results, whose proofs are given below, we can then write a 
proof of Theorem 5.1. 


Proof of Theorem 5.1. Introducing V as given in Lemma 5.2, we let be an open subset of UnZ. 
With Lemma 5.2 we then have 

(5.4) ||Pm||^2(2) + I|m|I// 3(^) < C||M||j^3^2^ |||Pm||£ 2(2) ^ ^ l|5iW|i=0ll//3-;(^)j , 

as we can assume that ||Pm||£ 2 ( 2 ) < ||m||// 3(2) otherwise estimate (5.1) is trivial. Applying Proposi¬ 
tion 5.3 we have, for some 5' € (0,1), 

ll“ll//3(y) < C||m||]^3^2^ (||Pm|Il2(Z) + II“IIl2(^)) • 

This, with (5.4), gives (5.1) with 6'6 in place of 6. m 


For the proofs of Lemma 5.2 and Proposition 5.3. We shall need the following lemma whose 
proof can be found in [Rob95]. 

Lemma 5.4. Let A > 0, B > 0, and C > 0. We assume that A < B and that there exist tq > 0, 
p > 0 and y > 0 such that 

(5.5) A < e~^^B + e^'^C, for t > tq. 

Then A < KB^~^C^, where K = max(2, e^^^) and 6 = v/(y + p) € (0,1). 

Proof of Lemma 5.2. Let r > 0 and zo = (-r, vq), where r is chosen sufficiently small to have 
B C\[s = 0} <z & with B = B{zq, 4r). Let = -\z- zo\^, with z = (s, x). We have dsfiiz) < -C < 0 
in B. We set ip{z) = eTi/'(z)_ Let;y € ^q“(R^‘^') be such thatx(z) = 1 if |z-zol ^ 7r/2 andxiz) = 0 if 
\z - Zol ^ 15r/4. We apply the local Carleman estimate of Corollary 3.2 to v = xu, and we obtain, 
for y > 1 chosen sufficiently large (to be kept fixed in what follows), 

(5.6) Z TP^-^‘^^\\e^‘^D'S\LHBnz) ^ 1 |tr(p^‘^£>fv|,=oOlo3-,-f 

kl<3 j=0 ’ 

In {0} X we have tp < e~^'^ then 

(5.7) Y. |tr(p'''®.Div|^=o+)lo 3 -,'f ^ C 3 ^ (1 + a)e~^''\ 

j=0 ’ ;=0 

for any a > 0. We have Pv = ;yPM - 1 - [P,x]u. The term [P,;t] is a differential operator of order 3 
and it is supported in {z € 7r/2 < \z- Zol ^ 15r/4). On this set, we have tp < e“TU''/ 2 F 

thus find 

(5.8) We^nPxMiHz) ^ e^n\u\\HHzp C, - 
In Z, we have p < e = Cx, this implies 

(5.9) \W‘^xPu\\lHz) ^ r^^^"l|Pu|lL 2 (z). 
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In {z e 1.^'^^; \z - Zol ^ = 1 thus u - v, and on this set ^ then we have 

(5.10) ^ C 2 = 

M<3 

Remark that C\ < C 2 < C 3 , for a > 0 chosen sufficiently small. Following (5.6)-(5.10) we obtain 

\M\HHB{zo,'3r)nZ) ^ *"^^’'(|I'P“IIl 2(Z) + H l^iM|i=0+l//3-j(^)) + ^ *"'^^I|m|I//3(z). 

j=0 

Applying Lemma 5.4, we obtain the result with V = B{zo, 3r). ■ 

We prove Proposition 5.3 by means of two lemmata. For a' € (0, a) and a € (0,1), we set 

(5.11) Ya',a^{a',So-a')xaa, 
where = {;c € O, dist(.r:, dQ.) > a > 0 ). 

Lemma 5.5. Let a' € (0, a) and a € (0,1). There exist C > 0 and 5 e (0,1) such that for 
u € 

(5-12) ll“ll/r‘3(y„,„) ^ (|I'^“IIl3(z) + II“IIl 2 (^)) ■ 

Lemma 5.6. Let {so,xo) € (0, ^o) x dQ.. There exist d € (0,1), C > 0, Fq ^ neighborhood of 
(^ 0 , xo), a' e (0, a), and a e (0,1) such that we have 

(3-13) Il“ll/r3(y„nz) ^ C'||m||]^ 3'^2) (ll■^“llL2(Z) + ll“ll//i(E,,/,^)) > 

for u € H^{Z) satisfying 

u{s, x)\xedQ. = 0, dvu{s, x)\xeda = 0, s e{0,s 0 ). 

Proof of Proposition 5.3. We can assume that ||Pm||£ 2 ( 2 ) < l|n||// 3 ( 2 ), otherwise inequality (5.3) is 
obvious. In particular, if (5.3) holds for a value d = do > 0 the estimate also holds for all d e [0, do] 
possibly with a larger constant C = Q. The same observation can be made for the estimations 

(5.12) and (5.13). 

With a compactness argument we can find a finite number of open sets Vj, j € J, where esti¬ 
mate (5.13) holds for some values 6 = Sj e (0,1), a', e (0, a), and aj € (0,1), and such that 

{a,S 0 - a) X dQ c Uj^jVj. 

For a e (0,1) and a' e (0, a), and set Fq,'^ = ia',So - a') x Q^, where Qa = {x € Q, dist(jc, dQ) < 
a]. There exists ai € (0,1) and a\ € (0, a) such that Yai,ay ’ti Z D (UjejVj). Applying the local 
interpolation estimate (5.13) for each Vj, using now 

di = mind; € (0,1), 02 - min < 2 ' € (0, cr), and 02 = min a,- € (0,1) 

jeJ jeJ ^ jeJ 

(note that the set Ya\a increases as a' and a decrease) we obtain 

(5-14) s ■ 

By Lemma 5.5 we obtain, for some d 2 e (0,1), 

(3-15) II-P^IIl^CZ) + ll“ll//3(y^^ ..) s «<HZ, [\\Ptl\\L2{Z) + II“IIl2(^)) > 

as the estimate of ||Pm|| 2 , 2 ( 2 ) is clear here. Then estimates (5.14) and (5.15) give 

(5.16) ~ ■ 

Taking a € (0, rzi) and a' € (0, a), we have F c Ya\a U Fq,j and, by (5.12) in Lemma 5.5 and 

(5.16) , we obtain (5.3). ■ 
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dZ 


ri = dist(r, dZ) ; 



Figure 5. Construction of the sequence j 6 J, along the path F. 


Proof of Lemma 5.5. By a compactness argument, it suffices to prove (5.12) with B{z,R) in place 
of Ya’^a where z € Fq-z q and 0 < R < min(cr', a)/2, implying B{z,R) c Z. Let be in ^ 
and ro > 0 such that B{z^^\ro) . As Ya\a is connected, there exists a path F c Ya\a from 

^( 0 ) _ to z = r(l). Set r\ = dist(r, dZ). We have ri > 0 by compactness. 

Setting now r = inf(/?, ro, ri/4), we define a sequence (z^-^fj, for j > 0, by z^-’^ = Y{tj) where 
lo = 0 and 




The sequence is finite by a compactness argument. The construction of the sequence is 

illustrated in Figure 5. 

Let (z*'®^ • • • , z^^f be such a sequence with z^^i - z. Note that we have c B(z^j\3r) c 

Z, for 7 = 0, • • • ,N- 1, because of the choice we made for r above. Now we claim that there exists 
C > 0 and d e (0,1) such that 

(5.17) ||m||^ < \\u\\h 3(e(zO\3r)) ^ QM\lifi^z){^\P‘^\\LHZ) + ll“ll//3(B(j.0y^))) , 

for 7 = 0,..., A - 1. This claim is proven below. 

We assume that \\Pu\\i2^z) - Il“ll/r3(z), since otherwise the estimate we wish to prove is obvious. 
We then have 
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By induction on j, we find 

(5-IS) ll-f’^llL^CZ) + \M\H3(B(z,r)) ^ ’ 

where fi = 6^. 

As P is elliptic, and ^ J" we have l|M|l//3(g(^(0 ),.)) < ||Pm||^ 2 ( 2 ) + \\u\\ii^^y This estimate 

and (5.18) give (5.12). 


To prove estimation (5.17) we apply the local Carleman estimate of Proposition 2.7. We set 
<A(z) = -k - and ip{z) = and;y e ‘^^{B{z^^\Ar)) to be such that 

|l if3r/4<|z-z(^')|<7r/2, 

|o if k - < 5r/8 or 15r/4 < |z - 


The function v = is supported in the open set B{z‘'^\Ar) \ B{z^J\ rjl) c Z where dij/ does not 
vanish. For y > 1 chosen sufficiently large, by Proposition 2.7, we have 

(5.19) Z < |k^^Pv|k 2 (z). 

|a|<4 


We have Pv - xPu + VP,x\^ and {P,x] is a differential operator of order 3 supported in Ai U A 2 
with 


Ai - {z; 5r/8 < k - < 3r/4}, A 2 = {z; 7r/2 < |z - < 15r/4). 


We write 


Ik’''^-f’v|k2(z) < Pu\\Ll(B(z^iKAr)) + lk’'^[-P>A]“llL2(A|UA2)- 
Since (p decreases as |z - increases, we find 

(5.20) lk"‘^Pv|k 2 (z) < ||Pn|k 2 (z) + |k||^ lkll//3(z), 

where Ci = g“A 7 p 2 T _ ^-y{5ri?,f ^ 

As we have;t^ = 1 on B{z^P, 3r) \ B{z^P, r) we have 

(5.21) ^"''^lkllH3(B(,0),3,)\B(,0),,)) < i: T3-l“l|k^^D“v||^2(z), 

|a|<4 

where C 2 = Remark that Ci < C 2 < C 3 . 

Inequalities (5.19), (5.20), and (5.21) give 

M\h 3(B(zO),3r)) ^ ‘"^i(||PM|k2(z) + ||M||//3(B(j;0yr))) + C *'‘^lkll//3(z)- 

as the estimate on B{z^P,r) is clear with such a r.h.s. if r > r* > 1. We can optimize this last 
estimate applying Lemma 5.4, which yields (5.17), and concludes the proof of Lemma 5.5. ■ 


Proof of Lemma 5.6. The proof follows the same ideas as that of estimate (5.17) applying the 
boundary-type local Carleman estimate of Theorem 4.17. We use local coordinates in a bounded 
neighborhood V in of the point zo = (.^'o, xq) of (0, So) x dQ. as introduced in Section 4.2, such 
that this part of the boundary is locally given by {zat = = 0) and Z is locally given by {za? > 0); 

coordinates can be chosen to have moreover zo = (Zq’O)’ with Zq - 0. We set z^^^ = (0,2r) where 
r > 0. 

We let ijj e "^“(R^) be such that 


<A(z) = 


12 r 2 - Iz - z(i )|2 


if k - < 3r, 

if 4r < |z - z^^^|. 


SPECTRAL INEQUALITY AND RESOLVENT ESTIMATE EOR THE BI-LAPLACE OPERATOR 


45 





ij/g - Cst 


Zn - Xd 


Figure 6. Geometry near the boundary for the application of the local Car- 
leman estimate of Theorem 4.17. 

We have ipiz) > > 0, ||iA®IIl” < oo, A: € N, and 


dyiACz) ^ ^ 2y{zN - 2r) < -C < 0, 


for \z - < 3r and zn - 0- Upon reducing the open neighborhood V, the weight function \j/ 

fulfills the requirements listed in (4.2) and (4.20). 

We set (p{z) = where ipsiz) = i]j{ez',Zn)- According to Theorem 4.17, there exit a neigh¬ 

borhood W ^ U in of ^o^ To > r*, 70 ^ U and eq e (0,1] so that the Carleman estimate (4.21) 
holds for T > To, 7 > 70, e e (0, £0] and smooth functions supported in W. We set y = yo and 
£ = £ 0 . The geometry of the level sets of the weight function is illustrated in Figure 6. 

In connection with the weight function ipe, we introduce the following anisotropic norm in R^, 
that depends on the (now fixed) parameter e, 


\z - yle ^ {e\' - y'P + {zn - 


We denote by B^iz, r) the ball of radius r centered at z associated with this norm. We have 



Let;^o £ that 
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a 


X 



O 


= ri 




Zn - Xd 


~ y~ - \z- = 2r 


Figure 7. Geometry near the boundary for the derivation of the loeal in¬ 
terpolation inequality. The light eolor region shows where = 1; the dark 
eolor region shows where varies. Note that the relative seale of the two 
axes has been modified, if eompared to Figure 6, for a better display of the 
regions Ai and A 2 near zo- 

where ro < rjA. Let also x\ € 3r)) be such that 



where r\, r' are such that Ir < r\ < r' < 3r. Observe that if we choose the values of r' - 2r > 0 
and ro > 0 sufficiently small, then the open set {z € Z', zn ^ (0> 2ro)) n {z e Z; |z - Z^^^U < r') is 
contained in IT. We now set;y(z) = Xiiz)XoiZN)- Figure 7 shows, near zo, the region where= 1 
and where it varies, that is suppfy') n Z c Ai U A2 with 


Ai = {z € Z;ziv e (ro,2ro) and |z - z^^^U < Oh 
A 2 = {z e Z;zN e (0,2ro) and n < |z - z^^^U < r[]. 


The Carleman estimate (4.17) applies to v = by a density argument. As M| 2 ^=o+ = 0 and 
dvU\zN=o+ - 0 we obtain (the values of 7 and s were fixed above) 


(5.22) 


|q'|<4 


H ^ lk’'^-f’v||2,2((ynZ)> T > TO- 
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We have Pv = xPu + {P,x\u, where [P,x\ is a differential operator of order 3 that is supported 
in Ai U A 2 . On Ai, we have tp < gr(i2A-(2r-2ro)2) Qj^ we have (p < eT(i 2 A-rf) obtain 

(5-23) P"^\\i?{wr\Z) ~ 

where Ci = eT(i 2 r^-rJ)^ _ gr(i 2 A-( 2 f'- 2 rof) 0 < a < ro and some a' € (0, a) (recalling the 

definition of the set Ya',a in (5-11)). 

We restrict the l.h.s. of (5.22) to Uq - k £ 2; zn £ (0, ro)} n {z e Z; |z - < r 2 ), with 

r 2 = r -I- ri/2, whose closure is a neighborhood of zo in Z. Note that 2r < r 2 < ri. As on this set 
we have tp > ~''P and n = v, we obtain 

(5-24) ^ Z P'“,x^\\p(Wr\Z)^ 

|q'|<4 

where C 2 = gr(i 2 A-(r+ri/ 2 ) 2 )^ Then (5.22), (5.23) and (5.24) give 

(5-25) lln|l//3(Vo) ~ ^"^^(Il'PnllL^iz) + \\u\\h^(y„,^)) + ^ *"'^lln|l//'(Z)- 

Observe that we have C\ < C 2 < C 3 . By Lemma 5.4, we obtain the sought local interpolation 

inequality at the boundary. ■ 


5.2. Spectral inequality. Let (pj and pLj be eigenfunctions and associated eigenvalues of the bi- 
Laplace operator B with the clamped boundary conditions, that form a Hilbert basis for L^{Y1), 
viz.. 


with 0 < fiQ < Hi < • • • < yuy < • • •. We now prove the spectral inequality of Theorem 1.1, namely, 
for some C > 0, 

(5.26) lln|lL 2 (n) ^ Ce ^ H>0, ue Span{<^y; pij < p}- 

Proof. We let ju > 0 and we pick oq, ..., e C with n e N such that fin ^ P < Pn+i- We set 
u{x)= Yj ajcpfx), w{s,x)= Y. o:jH~j^'^f{Pj'^s)(l)j{x), 

fij<H 

where f{s) = y sin(y 5 ) cosh(y 5 ) - y cos(y 5 ) sinh(y 5 ) where here y = V 2 / 2 . As D‘\f = -/, we 
have Pu = 0. We also have 

/(O) =/'(O) =/2)(0) = 0, f^\0) = \, 


and 

f{s) = g{ys), g{s) = ^{e~^ cos{s - n/A) - e' cos{s + n/A)). 

Since ^( 5 , x)\xedci - dyw{s, x)\xedci - 0> the interpolation inequality of Theorem 5.1 yields 

l|w||//3(y) < C||w||]73;2)l|5^W|..=0lli2(^). 

Observe that we have d]w\s=o = u and ||>v||// 3 (y) > ||w||^ 2 (y) with 


2 

lHy) 


= Y 


-3/2, 

Pj !«'- 


1 ^ f f{p]''^sfds = 


pAp 




(Sa-ol)y^^j 


1/4 


f g(s) ds 


ayfi 


1/4 


using the following lemma, whose proof is given below. 

Lemma 5.7. Let 0 < a < b and to > 0. There exists Cq such that g{sfds > Cofor t > to- 
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We thus obtain 

(5.27) Wuiy^a) ^ 

Next, we estimate ||>v||//3(z), with the following lemma, which, from (5.27), allows one to conclude 
the proof of Theorem 1.3. ■ 

C 1/4 

Lemma 5.8. There exists C > 0 such that ||>v||^3(2) < Ce^^ llwllL^tn)- 
Proof. We have 

II>V||^3(Z) ■)ll^3-.(n)^^ ^ / Wd’lwis, .)\\l,^^^ds, 

where H^{Q) denotes the classical Sobolev spaces in Q. Recalling from (1.15) that, if = 
dvV\da = 0, we have ||v||^4(n) ^ ||A 2 v||i 2 (n), we find 

- Z Z |tr/. 

ri<t^ ^ ^ 

Integrating this estimate over (0, S o) and summing over k yields the result. ■ 

Proof of Lemma 5.7. For s e [-n'/2 + 2^7r, 2^7r], k € N*, we have cos(5 + 7r/4) > V2/2. For t\ 
chosen sufficiently large, if t > ti, there exists ^ € N such that [-7r/2 + Ikn, 2kn] c \at, bt] and 
l^(.^)l = 5k“''cos(5 - 7r/4) - e''cos(5 + 7r/4)| > 1. Then, g{sfds > njl. Finally, there exists 
C > 0 such that g{sfds > C for t € since the function g{sf is almost everywhere 

positive. ■ 

5.3. A null-controllability result for a higher-order parabolic equation. Let T > 0. We con¬ 
sider here the controlled evolution equation on (0, T) xQ. with the clamped boundary conditions 
(y denotes the outer unit normal to dQ.): 

(5.28) dty + A^y - x^f^ J|(o,r)xan = ^vy|(o,r)xan = 3'|;=o = yo e L^{Q.), 

where is an open subset of Q. and Xff £ L°°(kl) is such that Xff > 0 on The function 
/ € L^((0, T) X Q) is the control function here. Well-posedness for this parabolic system is 
recalled in Corollary 1.10. One may wonder if one can choose / to drive the solution from its 
initial condition yo to zero at final time T. Thanks to the spectral inequality of Theorem 1.3 one 
can answer positively to this null-controllability question. 

Theorem 5.9 (Null-controllability). There exists C > 0 such that for any yo € L^{kl), there exists 
f € L^((0, T) X Q) such that the solution to (5.28) vanishes atT = 0 and moreover ||/|li 2 ((o 7 ’)xn) - 
C||yollL2(n). 

The proof can be adapted in a straight forward manner from the proof scheme of [LR95] de¬ 
veloped for the heat equation and that is presented in a fairly synthetic way in the survey article 
[LL12]. 


6. Resolvent estimate and application 

Using one of the interpolation inequalities proven in Section 5 (Proposition 5.3), we prove the 
resolvent estimate of Theorem 1.4. Finally, as an application, we state a stabilization result that 
follows from it for the plate equation. 
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6.1. Resolvent estimate. Let U e D(S) - n x Him) wd F e M’ = Him) x 

L^(n), be such that 

(6.1) -!B)U = F, U = ^(uo,ui), F-^(/o,/i), 

for (T 0. Our goal is to find an estimate of the form \\U\\j^ < Ke^'^‘^'^^'^\\F\\^. We have 

(6.2) icruQ + u\ = /o, (-cr^ - icra + B)uo = f, with / = (icr - a)fo - f\. 

Multiplying the second equation by uq and an integration over Q give 

((-o-^ -I- B)Mo,Mo>z,2(n) - ^ (/-“o>L2(n)> 

The first term is real and the second term is purely imaginary. We thus have 

Using that a > 6 > 0 in ^ yields 

(6.3) So-Q l|Molli2(^) ^ cr||o''^^«olli2(n) ^ ll/llL2(n)ll“ollL2(n)> 
for cr > (To- 

A key estimate is given by the following lemma. We provide a proof below. 

Lemma 6.1. There exists C > 0 such that 

ll“oll//3(n) ^ (ll/llL2(n) + II'^oIIl2(^)). 

Then estimate (6.3) yields 

ll“oll//2(f2) ^ e‘^'‘^'‘^"(ll/llL2(n) + ll“oll^2(n)ll/lli2(n))’ ^ ^ ^0’ 

and with the Young inequality we obtain 

\M\h^{ci) ^ ll/llL2(n)- 
Using the form of / given in (6.2) we then obtain 

II“oII// 2(£^) < (ll/ollL2(n) + ll/illL2(n))» 

Finally as mi = fo - icruo we obtain 

(6-4) llwoll/r2(Q) -I- ||Milli2(f2) < (ll/ollL2(n) + ll/illL2(n))’ 

yielding the resolvent estimate of Theorem 1.4. 

6.2. Proof of Lemma 6.1. Let p - exp(/sgn(cr)n'/4), yielding = sgn(cr)/ and p^ = -1. We 

set u = exp(5p|cr|^/^)Mo and have Qu = with Q - + B + aD^, recalling (6.2). Let 

> 0 and /? € (0,50/2). Let also Z = (0,Sq) x Q. and Y = (/?, 5o - jS) x Q. We then apply the 
interpolation inequality of Proposition 5.3: with 0 < Pi < P 2 < Sowe have C > 0 and do > 0 such 
that 

(6-5) ll“ll//3(y) < C||m|||^3^2) (|I2wIIl2(z) + II“IIl2((j8jP2)x^)) • 

Next, we note that we have 

\M\h^(Y) ^ ^ ll“oll//3(n)’ 

Il“ll/t3(z) ^ l|Moll/r3(n), 

ll“llL2((y3i,yS2)x^) ^ I|M0 |Il2(,^)> 
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yielding with (6.5) 

ll“oll//3(n) ^ (II/IIl2(Z) + II“oIIl2(^)). 

This concludes the proof of the estimate of Lemma 6.1. 

6.3. A stabilization result for the plate equation. Let now (yo» Ji) ^ k > 1, and y be the 

solution of the damped plate equation 

(6.6) djy + A^y + adty ^ 0, y\,=Q ^ yo, dty\t=Q ^ yi, y|[ 0 ,+oo)xan ^ 5yy|[o,+c»)xan ^ 0, 

with a a nonnegative function such that y > 6 > 0 on an open subset of O. If we set Y = (y, 5,y) 
we have (5, + S)Y = 0. From the resolvent estimate of Theorem 4.17 we obtain the following 
energy decay for the damped plate equation, using the results set in an abstract framework in 
[BD08]. 

Theorem 6.2. With the energy function introduced in (1.16) the solution to the damped plate 
equation (6.6) satisfies, for some C > 0, 

E(y){t)< - - - t>0, To - (yo,yi) e £>(S'^)- 

(log(2 + 0)'' 

Among the existing results avalaible in the literature for plate type equations, many of them 
concern the “hinged” boundary conditions. We first mention the important result obtained in 
[Jaf90] on the controllability of the plate equation on a rectangle domain with an arbitrary small 
control domain. The method relies on the generalization of Ingham type inequalities in [Kah62]. 
An exponential stabilization result, in the same geometry, can be found in [RTT06], using similar 
techniques. In [RTT06] the localized damping term involves the time derivative dty as in (6.6). 
For “hinged” boundary conditions also, with a boundary damping term, we cite [ATT07] where, 
on a square domain, a necessary and sufficient condition is provided for exponential stabilization. 
In [Nou09], a polynomial stabilization rate is obtained if the condition of [ATT07] is relaxed. 
Also, for “hinged” boundary conditions, interior nonlinear feedbacks can be used for exponential 
stabilization [Teb09]. There, feedbacks are localized in a neighborhood of part of the boundary 
that fulfills multiplier-type conditions. 

For “clamped” boundary conditions, few results are available. We cite [Teh 12], where nonlinear 
damping is used over a neighborhood of a fairly large part of the boundary. We also cite [DS15], 
where exponential decay is obtained in the case of “clamped” boundary conditions, yet with a 
damping term of the Kelvin-Voigt type, that is of the form 5^Ay, that acts over the whole domain. 

Theorem 6.2 provides a log-type stabilization result. Optimality is a natural question and one 
could be interested in seeking geometries that improve this decay rate, yielding polynomial or 
exponential rate, in the case of “clamped” boundary conditions, in the spirit of some of the existing 
results we cite above. 


Appendices 

A. Proofs of some technical results 

A. 1. Proof of the estimate optimality in the case of symbol flateness. Here, we provide a proof 
of Proposition 1.6. 

We have Q{z, Dfi = q{z, Dfi + r^-iiz, Dfi + r^-iiz, Dfi with r,„-i(z, Dfi homogeneous of degree 
m - I and r^-iiz, Dfi of order m-2 (non necessarily homogeneous). 

If there exists (zo> ^o^ eq) as in the statement of the proposition, then by homogeneity, as tq t 0, 
there exists 4'i e such that 

(A.l) q{zo, 9i) = 0, d^^^qizo, di) = 0, t 0, with Oi = + idip{zo). 
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Without any loss of generality we may assume that zo - 0. Because of the form of (1.14), observe 
also that there is no loss of generality if we assume that ^(0) = 0. 

We then introduce >v(z) = {z, 0\}. We note that 

<p(z) - Im w(z) = G{z) + ^(1), G{z) = z). 

We then pick / e '^“(1.^), / ^ 0, and set Ur{z) - f{T^^^z)- We have 

^ ’ RN RJV 

~ / e^^<y^\f(y)fdy, 

r^oo 

with the change of variables y = t^I'^z and the dominated convergence theorem. 

As we note that 

e-ir^(z)Dy^ - (D, + TOir/iT^^^z) = 
similarly, we find 

(A.3) ^^2|«|-A/2|^a|2^^ e^^^y^lfiytdy, 

as we have 0" 0. 

We have 

^-irw(z)Qgirwiz) ^ q(^z, + t9i) + r^-ifeD^ -I- t9i) + rn- 2 {z,D^ + t9]). 

With the Taylor formula and homogeneity we observe that 

q{z,D, + r^i) = T^q{z,9,) + d^q{z,9i){D,) + ^-■d'^-^q{z,9,){D„D,) 

j 1 

+ x /(I - tf4q{z, tD^ + t9i){D^, D^, D^) dt. 

^ 0 

Next, we write 

1 1 * 

q{z,9\) = q{0,9\) + dzq{0,9\){z)+-dlq{0,9\){z,z) + t /(I - tfdlq{tz,9\){z,Z,z)dt, 

' " '-,,-' 2. In 


d(q{z,9\){D^) - d(q{0,9i){D^)+d^d^q{0,9i){Dz,z) + /(I - t)d^dlq{tz,9i){Dz,z,z)dt, 

^ n 


d^q{z,9GiD^,D^) = d^q{0,9i)(D^,Dz) + J d^dzq(tz,9i){D^,D^,z)dl, 


and 





52 


JEROME LE ROUSSEAU AND LUC ROBBIANO 


which gives 

g-trw(z) q^itw(z) _ - tfdlq{tZ,9\){T^^^Z,T^^^Z,T^^^Z)dt 

\1 Z 0 

+ T~^l^d(d^q{0,9\){D^,T^^^z) + f(l - t)d^d^q(tz,9iXD^,T^^^z,T^^^z)dt 

0 

+ ^T-^dfq(0,9i)(D„D,) + ^T-^/^fd^d,q(tz,90(D„D„T^/\)dt 

L Z 0 ' 

+ T‘“'”(r,„_i(z, + t6»i) + rm-iiz, + T0i))j. 

We then find 

e~'™^^^Qur = T"'~^{^dlq{0,9x){T^'^z,T^'^z)f{T'^'^z) + di^d^q{0,9x){DJ{T''l^z)y^z) 

+ \(dlq{0,9,){D„ D,)f){T^l^z) + r^-i(z, 9i)f{T^I\) + t-^I^^{\)). 
Arguing as for (A.2), we obtain, as r —> oo, 

R~ Z 

+ ^{d^q(0,9i)iD^,D^)f)(y) + r,„.ii0,9i)f(y)\^dy 

^ ff^^2(m-l)-Ni2-ll2y 

The assumed estimate (1.14) along with (A.2)-(A.4) thus implies that d = 0 and moreover that the 
integral above does not vanish. ■ 

Remark A.l. Observe that if in addition we assume that m>3 then the partial Carleman estimate 
(1.14) with the loss of a full derivative implies that dip{z) does not vanish in Q. In fact, if d(fi{zo) - 0 
and if we pick 4^0-0 then 0i = 0 and since m > 3 we have the properties listed in (A.l). The 
remainder of the proof then yields a contradiction as the intergral term in (A.4) vanishes. 

In the case m = 1, it is known that a Carleman estimate with the loss of a half derivative can hold 
even if the gradient of the weight function vanishes (see Lemma 8.1.1 in [Hdr63]). For instance, 
for (p(z) = zj /2 and for the operator D^j, we have 

for T > 0 and u € ^“(R^). Then, for the operator , we have 

t\W'^u\\i2(^N-^ < ||c’’^D^|M||^2(RiV), 

for T > 0 and u € ^“(R^). We then have the case of an operator of order m = 1 or 2 in R^ such 
that an estimate with a loss a full derivative holds and yet dtp may vanish. 

Remark A.2. The reader should observe that the statement of Proposition 1.6 assumes that the 
symbol q{z, ^ + irdifiz)) vanishes at second order at a complex root, that is, for r > 0. Flatness at a 
real root may not yield d = 0. In fact, in R^, N >2, consider the operator Q = + D^)'” with 

m> 2 and ip{z) = Zi- Then q{( + irdp) = (^'i + ^2 + tT)"* which vanishes (at order m) for t = 0 and 
+ ^2 - 0. Yet, we have the following estimate 

(A.5) T™|k^‘^n||i2(R^) < 

for V € "^^“(R^). This means d = 1 here. 
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The proof of (A.5) is as follows. We write + D^^)u - (D^j -i- ir + D^^)v with v = e'^'^u. 

We then have 

+ ^z 2 )“llL 2 (RiV) = IK^Z, + + lkv||^ 2 (R;V) - 2/TRe/v(D2, -I- D^^)v dz 

= ||(Dj, -t + ll'^^lli2(RiV) - T fi^Zl + 

=0 as supp(v) compact 

> T 2 ||v|li 2 (R«) = 

Multiple applications of this estimate yield (A.5). 

Note however that we do not claim to have ||e’''^VM||^ 2 (RiV) < \\e^‘^{D^^ + D^ 2 )’^\\i 2 (^Ny, as D^, +Dq 
is not elliptic. 

A.2. Proofs associated with the semi-classical calculus. 


A.2.1. Proof of Proposition 4.2. The dual quadratic form of g on ’W is given hy 


We then have, for X - {zx, ^x), as y > 1, 


(1-1- ysY 


{hg)-\X) = mf(g‘f{T)lgx{T)f^ = mm{y-\{l+yeA)UX) 


Te-W 
r?fc0 

> (2r)-iT^(X) > Tip{zx)l2 > 1, 

as T > T* > 2. The uncertainty principle is thus fulfilled. 

{Zx)n)-, WiLii i-x 


For X = {zx,^x) £ we write zx - {z'x,{zx)n), with zC e ^ Similarly, we also write 


»v-i 


- {Cx^ ((A)v)> with Cx ^ 

We now prove the slow variations of g and tp, Af, namely, there exist .S' > 0, r > 0, such that 


VA, Y,T e'W, gx{Y -X)<r^ 


igyiT) < KgxiT), 


where X - {zx, ^x) and Y - (zy, ^y)- We thus assume that gx{Y - X) < r^, with 0 < r < 1 to be 
chosen below. This gives 

(A.6) (1 + ys){\z'x - z'yI) + riaY)v - (zy)ivl + MX)-\\^x - ^y|) < Cr. 

We observe that we have 

ip{zx) — ^ 

where iJ/eUx) = fiez'x, izx)N)- Note that 

\fs{zx) - >Ps{zy)\ < {s\z!x - A + lfe)A - (zy)vl)lliA'llL“- 

With (A.6), we thus obtain 

(A.7) p{zx) < ip{zy)e^'^'^'^ < 4 >{zy). 

Similarly, we have 

(A. 8) <p{zy) < p{zx)- 

We also have 

(A.9) I^fI < l^y - + I^yI < CrAfiX) + |^zl < Af{X). 
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Next, we write 

\U\ ^ \^Y - 6:1 + 161 ^ CrAf(X) + |6I < Cr{Ty(p(zx) + 161) + 161- 
Hence, for r sufficiently small, with (A.7), we have 
(A. 10) 161 < Tjifizx) + 161 ^ ^f(F). 

With (A.7) and (A. 10), resp. (A.8) and (A.9), we find 

AfiX) < Af{Y), resp. Af{Y) < Af(X). 

Then, if T = (zt, 6) ^ we find 

I6P ^ I6P ^ I6P 

Af(Y)2 ~ Af(X)^ ~ Af(Y)2’ 

and this gives griT) < gx{T) < gyiT), concluding the proof of the slow variations of Af and g. 


We now prove the temperance of g, ip and Af, namely, there exist A' > 0, A > 0, such that 
\fX,YTe'W, <C(l+g5(A-7))^ 

VX, Ye'W, < C(1 + gjcx - T))^, < C(1 + g’^{,X - Y)f, 


^izy) 

where X - {zx, 6) and Y = {zy, 6)- We have 


^f{Y) 


g-ix - Y) = .MX)\g - ., 1 ^ + 'YiZYt + 


(1 + ye)^ 


y- 


We note that 
(A. 11) 


161 ^ 161 + 16 - 61 ^ 161 + — — —Tjpizy) 


y 

^ ir I , “ ^yl , l(6)iv - (6)^1) , ^ 

^ 161 + 2--+- ]Typ{zy) 

\ 1 + y£ y 

<(l+gJ(X-T)i/2)^K6- 


-y 


First, if (1 + £y)|z^ - Zy| + y\(z.x)N - (zy)ivl < h then, arguing as in (A.7), we find 

6zx) ^ 9izy), Typizx) ^ MY). 

Second, if (1 + £y)|z^ - Zyl + y\{zx)N - (zy)Al ^ we then have 2\zx - Zy\ > 1/y. We write, as 
T > T* > 1, 

f{zx) ^ Af(X) 


9(zx) ^ 


< 


< 


yr y 
using that p > 1. We also write 

Typizx) < Af{X) < Af{X) 


\zx - Zy\Af{X) < (1 + g5(X - T)h2) < (1 + - Y^/^pizy), 


MY) 

y 


< 


\ZX - Zy\AfiX)Af{Y) < (1 + g;(X - Y)^/^)Af{Y). 


In any case, we have 

pizx) < (1 + gx(X - Y)^/^)pizy) < (1 + g^(X - Y))pizy), 

that is, the temperance of p and we have Typ{zx) ^ (1 + gx^^C - Y)^l^)Af{Y), which, along with 
(A.l 1), yields the temperance of Ap. 

Af(X) < (1 + g^(X - Yfl^)Af{Y) < (1 + g5(X - F))6(T). 
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For the temperance of g we need to prove 

(1 + sy)\zj\ + 7\{zt)n\ + < (1 + gxiX - + ey)\zj\ + 7\{zt)n\ + 

for T = {zt,^t) ^ To conclude it suffices to prove 

MT)<(l+g5(X-F)fM^). 


We have 
(A. 12) 


\^y\ < Kx\ + \Cx - ^fI < \Cx\ + - —Tjifizx) 

y 


I , , I(^y)v - (^F)Ah, ^ ^ 

< \U\ + 2—--H- nyifizx) 


1 -I- ye y 

<(l+g5(A-7)i/2)^^(A). 


It thus remains to prove 

(A. 13) ry^izY) < (1 + gxi^ - Y))’'M^). 


First, if (1 -I- ye)|z^ - Zy| -H y\{zx)N - (zf)aI < T then ^(zy) < ip{zx), arguing as in (A.8). Es¬ 
timate (A. 13) is then clear. Second, if (1 -i- ye)|z^ - Zy| -i- y|(zx)v - (zf)vI ^ E which implies 
2|zx - ZfI ^ 1 ly, with (4.3) we write 


A~(W 

rycpizY) < Tyifiizx)'"'^^ ^ 


k+i 


< 


(jyf 

<{l+gl{X-Y)^l^fAr{X), 


^ - ZYl^fMX) 


since t > r* > 1 . In any case, we thus have 

Ty<fi(zY) < (1 + gx(^ - Yfl^fA-riX), 


which concludes the proof. 


A.2.2. Proof of Lemma 4.4. We have f < Af (resp. f < dyf) and d^f = 0. Only differentiations 
of f with respect to z thus need to be considered. Recalling that f = '^y^y.e we find that, for 
a = {a', qm) e N^, we can write d"f{g') as a linear combination of terms of the form 

Tr^‘"Vr,e(z) n U , Zn), 

;=i ;=i 

with fftt) -I- • • • -I- = a, > I, j = l,...,k, and k < \a\, implying, as y > 1, |(9“f(p')l ^ 

f{Q')y^"'^s^"''^ < f(p')y“"(£7)'“ as < C for any (’EM, which yields the results. ■ 

A.2.3. Proof of Lemma 4.8. For a = (a', axi) € and fi' € we may write d‘^cf^,a{Q') as a 
linear combination of terms of the form, 

big') ^ ( n df^df^^,df^d{K{g')), 
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for some e N^, with k = with a = + • • • + > 1, and where 

Pj e{\,... ,N], j - . ,k. Using Lemma 4.5 and Definition 4.1, and we obtain 

\b{Q)\ < n (^T.fd + 1 ) (|t(£.')l + 

;=i 

< (1 + eytV^A\,{\f{Q')\ + l^'ir-^-l/5'l, 

as y > 1. If d is polynomial then the term d(p') vanishes if m - |/3'| - < 0. Thus if m - |/?'| - 

> 0 and, as |t| < f in we obtain 

which yields the result. If a is not polynomial and if we have f x |t|, we obtain the same estimation, 
even if m - |/3'| - <0. ■ 


A.2.4. Proof of Lemma 4.11. By applying (4.14), we have 

||A“,f''n|U<||OpT(f''/l“^|U. 

Next, we write Op-xif Af f) - Op(/lj-)f'' + yR, with/? e 'P{f’'Aj~-^,gj) by the tangential calculus 
we have introduced. This yields, as f € 

II OpT(f''/l“di^ll+ ^ II Op(T7,)t''m|I+ + rll OpT(f'-T!;?;i)n|U, 

which yields (4.15) by choosing r sufficiently large. Estimation (4.16) follows the same. ■ 


A.2.5. Proof of Lemma 4.14. By definition of the Sobolev norms introduced in Section 4.1.6 we 
have 

m . m , . . 

I|r''>v||m,m',f X Z l|f)i/T''w)||o.m+m'-7,f = Z l|A"'t"' ~^D{ {f’'w)\U. 

;=o 7=0 

m" j j . m" j_i 

Let m'J € R. We have [A.|-^,D;(^] € y’'¥(Ajk, gj)D-'^j , from the tangential calculus we have 

m'! m". -1 

introduced. With Lemma 4.4 we have [f'', A.|-f ] € (1 + ey)'T(T'‘A.|-f , gy)- With the same lemma, 

for r'. e R we also have [f'^L j y''¥{f'^i,gi)L>^x^'■ Lor r = r'j+r”, and m+m'-j = m”+m”', 

with r'., r” € R and m"., m'J' € R, we thus obtain, by Proposition 4.13, 


m , ffi'' . ,, Yn_> rn J . 

l|T''w||,„.m'.f > Z -C' X X yi|E''D;^7^llo,m+m'-7,f 

7=0 ’ ’ 7 = 11=1 


- C" X rl|E''0:irf>v||o,m+m'-7-l,^ 

7=0 


m , jfi'' . ,, ffi''' m -1 m . 

> Z ll^'’'A.p'A.p' w)||+- C' X Z yil^''-Di>v||o,m+m'-7-;,f 

7=0 ’ ’ 7=0 1=1 


- C" X rl|E''0:irf>v||o,m+m'-7-l,f- 

7=0 


With the argument given in (4.17), we have 


m-1 m 


m —i m , . m 

X X y 11^ ^x^^\\o,m+m'-j-i,f ^ TII^ ^Xd^\\o,m+m'-j-l,f ^ 11^ 

7=0 i=l 7=0 
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for T chosen sufficiently large, and we thus find 


y=o 


for T chosen sufficiently large. Similarly, we find that 


m , m" ; m'" 

A j rtJ A J 


\\rw\L,,„',f < i: ||fOA/_D^/f'^iA/->v)|U, 

7=0 

for T chosen sufficiently large. The result for the trace norms is obtained arguing the same. 


B. Elliptic and sub-elliptic estimates at the boundary (0, Sq) x dQ 

B.l. Roots with negative imaginary part: a perfect elliptic estimate. For zq £ dZ, V denotes 
the neighborhood introduced in Section 4.2. We recall that AIt.v = ExR^“^x[t*,- i-oo)x[l,-i-oo)x 
[ 0 , 1 ]. 

Let with g = (z,^,T,y,e) and m > 1, be polynomial in (n with homogeneous 

coefficients in (^', f) and L = £{z, D^, t, y, e). 

Lemma B.l, Let be a conic open subset of Mj^v- ffh assume that, for £{g', viewed as a 
polynomial in for g' e 

• the leading coefficient is 1; 

• all roots of £{g', - 0 have negative imaginary part. 

Let x{q') £ ‘S(l,gT). be homogeneous of degree zero and such that suppt;^) Then, for any 

M e N, there exist C > 0, tq > r*, yo ^ 1 such that 

II OpTCT)w||m,o,f + |tr(OpT(;T)w)U_ij/ 2 ,f ^ c(||LOpt0t)>v||+ + ||>v||,„-M,f), 

for w € ) and t > tq, y > yo, e € [0,1]. 

This lemma can be proven by adapting the proof of [BL15, Lemma 6.5] to the semi-classical 
calculus we use here. For the notion of homogeneity for symbols and conic sets in the present 
calculus, we refer to Section 4.1.5. 

B.2. Sub-ellipticity quantification. For zo e dZ, V denotes the neighborhood introduced in Sec¬ 
tion 4.2. We let the function \j/ be as introduced in Section 4, satisfying (4.2) and (4.20), and we 
recall that fsiz) - tl/{£z',ZN) and (p{z) = exp(yi/ig(z)). We also recall that 4? = -i- with 

f(p') = ryifiz). 

Proposition B.2. Let £{z,0 de polynomial of degree m in i£, with smooth coefficient in z- Wc 
assume that for any M € R^ \ (0), the symbol £ satisfies the simple-characteristic property in 
direction M in a neighborhood ofV (see Definition 2.1 ). There exist C > 0 and yo > 1 such that, 

\£(z, + if{g'))\^ + T<p{z)\iJj'^{z)?-[ Re £{z, + if{g')), Im £{z, + if(g'))} > CAj’^, 
for z ^ V, e R^, r > r*, y > yo and s e [0,1]. 

Proof We have 0 < Co < \ifi'^{z)\ < Ci for z e F and we set K = {M e R^; Co < \M\ < Ci |. As V 
is assumed bounded (see section 4.2), we consider the compact set 

■r = l(z,{,d,M); 0^ + 1^!^ = 1, ze F, ^€R^ 0eR+, M e Kj. 


We define 
(B.l) 


f(z, fi, 0, M) = \£(z, + WMf + \eM\^\{£'^(z, + WM), M)f. 
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As the simple-characteristic property holds in direction M for all M € /T and z e U, we have 

f{z, ^,e,M)>c> 0, (z, e, M) € 

By homogeneity, we obtain 

(B.2) /(z, G, M) > C{e^ + z € U, ^ e 0 € R+, M € 

We compute the following Poisson bracket, with t(p') = rdtpiz), 

{RefCz,^ -H /t(p ))Jm^(z,^-i- /t(p ))} ^ + ifig'))} = 

with 

C, t) := t Z dl^zk^iz) d^iiz, ^ + /t#(z)) ^ + itd(p{z)) 

j-k 

-I- Im X d^jiiz, ^ + itd(p{z)) d^j{{z, ^ + itdcpiz)). 
j 

Note that &e,^{z, t) is homogeneous of degree 2m -1 in (^, t). With ip{z) - exp( 7 i/re(z)) we obtain 

®e,if>{z, c, t) = &i^,iz, f(g')) + rKe'W^iz, d, + iTis')), ¥jdz))^. 

We thus find, with / defined in (B.l), 

(B.3) 

\i{z, C + iT{g))\^ + Tip{z)Ws{z)?'[ Re^(z, C + iT{g)), Imf’(z, ^ -r /t(p'))l 
^ \i{z, C + iT{g))\^ + TLp{z)W^{z)?'@f;,^{z, r) 

^ \£{z,C + iT{g))\^ + \f{g)ilj'^{z)\\i'^{z,( + /t(p')),<A efe)>l^ + Ty>(z)l<Aefe)l^0^,«A.fc 

^ f{z, C, f{g'), f^iz)) + T(p(zMsiz)\^&e,^,(z, f(g')). 

Now, as i/'eCz) remains in the compact set K, we find, by (B.2), 

(B.4) f(z, f(g'), «a;(z)) > (f(g'f + \(fy” > 4"^ 

since |t(p')l = I<AsIe(p') ^ Cof(p')- The homogeneity of 0^,^^(z,^,f(p')) gives 

\MzM',{z4Qe,^siz,y,Ke'))\ ^ r“'T(P < y-'d?'”. 

With (B.3) and (B.4), we obtain the result for y chosen sufficiently large. ■ 

We recall the definition of qtig) given in (4.24), we have qtiy) = Pkiz, C, + if{g')) with pk{z, 0 = 
{-l)^icr^ +4'^ From Proposition 2.3 and Proposition B.2, we have the following result, 

in any dimension N >2, that is, r/ > 1. 

Corollary B.3. Let k = 1 or 2. There exist C > 0 and yo > 1 such that 

\qk{g)?' + T^(z)|iA£(z)|^{Re qk{g), Im qk{g)} > CAj, g = (z, 4", T, y, e), 

for z & V, ^ T > Tt, y > yo, and e e [0, 1], and where f{g') = Tyip{z)dt//s{z). 

B.3. Estimates for first-order factors. In this section, we shall assume thatc Air is a conic 
open set where the symbol qk{g) = Pk{z, ^ + ixig')) can be factorized into two smooth first-order 
terms, 

qk{g) = qk-{Q)dk,+{g), qk,±{g) = ^d- Pk,±{g)- 
By Lemma 4.18 we see that qk- is elliptic, and + may vanish. 
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B.3.1. A root with a positive imaginary part: an elliptic estimate with a trace term. Here, we 
further assume that there exists a second conic open set c such that Impi; +(p') > Aj^f, for 
g' € ^\. We let;^’^^ ^ S (Hgi) be homogeneous of degree zero and such that 

X = I on a conic neighborhood of supp(;L)» supp(Y) c ^\. 

With = Dx^ - ix^pk,+) we have the following estimation. 

Lemma B.4. Let ^ e R and M € N. There exist t\ > t*, yi > 1, and C > 0, such that 
(B.5) II OpT(Y)iv||i/,f ^ c(^\Qk,+ OpT(A)>P|lo/,f + I tr(OpTCT)w)|o^^+i/2.f + Ikllo 
for T > Ti, 7 > 71 , £ e [ 0 ,1], and for w € ,y'(R^). 

Proof. We write Q - A - iB with 

A = Dx,- Opt'^Cy" RepL+), B = Opj^ix^ 
both formally selfadjoint. 

We use a pseudo-differential multiplier technique, following for instance [LL 1 3] and compute, 
with s = + \, 

2 Re(2 0 pt( 7 )>v, -iA'j - Opt(y)w)+ 

= -2 Re(A Opt0t)w, iA^ - Opj(x)w)+ + 2 Re{B OptCt)^, A^ - Opt0t)w)+ 

= -(/[A, Aj -] OptOt)^, Opj(x)w)+ + 2 Re{B Opj(x)w, ^ Opj(x)w)+ 

- (Aj - OpT(Y)lT|;crf=0+> OpT(A')lT|xrf=0+)L2(Riv-i) 

> 2Re(ROpT(Y)w,A^ -OpTCT)w)+ - C7^ll OpTCT)w||o^^^i/2,f 
~ I OPTCL)'TUrf=0+loy-Hi/2,f’ 

which by the (microlocal) Carding inequality of Proposition 4.16 yields, for any M € N, 

Re(A^ -eOpTCL)>P,-«AT'!f OptCt)w)+ + I OpT(;r)iV|;,^=o+lo/+i/2,f + ^ II OPTCL)H'llo/-n,f’ 

for T and y chosen sufficiently large. Then, with the Young inequality, we obtain 

ll20pTCT)w||o/,f + |OpT(A)>TLrf=0+lo/-H/2,f + ll>v|lo-M,f ^ II OpTCY)w||o/-H,f- 
Finally, observing that we have 

\\B>xa OpT(;T)>v||o,Lf ^ ll20pTCt')>v|lo,Lf + II OpT(7)w'llo,f+i,f 

allows one to conclude the proof. ■ 

B.3.2. Transmittedsub-ellipticity. In f/o where qulg) is smoothly factorized, quio) = qk-{Q)qk,+{Q), 
we now describe how the sub-ellipticity property of Corollary B.3 is “transmitted” to the nonel- 
liptic factor < 7 ^ +. 

Proposition B.5. Let k = 1 or 2. There exist 70 > 1, cro > 0, and C > 0 such that 
(B. 6 ) ayf~'^\\mpp+\^+ [fd-Ropk,+,-^tnpp^]>Cyf~^A\^, g € %, 

for 7 > 7 o and a > ao- 
Proof. We write 

2i{Reqk,\mqk} = {^,qk] = l<?L-l^{^> ^L+1 + \qk,+ ?'{'^,qk-}+2i\Tn{{^,qp+}'^qpJ), 
yielding 

{Re^i,Im^A:) = |^A:_|^{Re^^:,+ ,Im^p+) -t \qk,+ ?-{Roqk-,Lmqk-} + \m{{qkZ,qp+}'^qk-). 
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We write, for M > 0, 

\qk,+\^\{Reqk-,lmqk-}\ + \lm{{'^,qk,+ }^qk-)\ < c{yAf\qk,+ ? + yA]\qk,+ \) 

< C'(l + M)yAr\qkA^ + CM-^yAl. 

For M > 0 and yo ^ 1 chosen sufficiently large we obtain, with Corollary B.3, 

l<?yt-(£’)l^(l<?C+(^’)l^ + > CAf - C'(l + M)fAflqk,+l^, 

In ^0 we have \qk-{Q)\ “ Af, as qk- is elliptic which gives 

alqkAQ)^ + E(^(z)|(Ae(z)P{Re^^,+, Im^A.,+)(p) > Cd?, g' € %,^d e R, 

for a > 0 chosen sufficiently large. If we now choose - RepA:,+(^>0 we then obtain the result. 

■ 

B.3.3. A root with a vanishing imaginary part: a sub-elliptic estimate with a trace term. Here, 
we consider as above a conic open set '^o c A1 t> such that the symbol qkig) - Pkiz, ^ + i^iQ')) 
can be factorized into two smooth first-order terms, qkio) - qk-iQ)qk,+{g)- We \etx,X ^ 'S(l,gT) 
be as above and we recall that 2^;^+ - Op-[^{x^pk,+)- We have the following lemma. 

Lemma B.6. Let m e R and M € N. There exist t\ > r*, y\ > I, and C > 0 , such that 
(B.7) 

^l/2||~m-l/2 OpT(u)w||i/,f < c{\\f''Qk,+ OpT(u)w||oy,f + I tr(T'” OpT(A)w)|o/+i/2,f + llw||o,-M,f), 
for T > Ti, y > yi, s e [0,1], and for w e A^(R^). 

Proof. For concision, we write Q in place of Qk,+. We decompose Q according to Q - A + iB 
with 

(B.8) A = D,,- OpT^ix^ Repk,^) € B = - Opj^ix^ Impp^) e y"’' - 'P(/lT,f,gT). 

Observe that both A and B are formally selfadjoint. 

We set Wf^m - E'”Ay - OpTCt')w and compute 

(B.9) \\QweJ\l = ||(A -i- iB)wprn\\l = l|Aw^,m|p ||Bw^,mll+ + 2Re(Awr,M, iBwpm)+ 

From the form of A and B given in (B.8) we find 

2Re(Awf,„„^ i{[A,B]wi„t,we^„d+ - (OpT'^(u^Impi,+)wr,m|^^^o+,wr,„,|^^^o+)L2(R~-i). 

yielding, with (B.9), 

\\Qwi,m\\l + I tr(f'” Opj(x)w)\l /+l/2,f 
> ||Awr^«j||+ + l|Rwr^mll+ + (([A, 

^ l|Awr,;„||+ ((ayf“^B^ + i[A, B])wpm,wpm)+ 

^ l|Awr,,„ll+ + (Aj-f^fayr^B^ + i[A, Opt(u)w, Opt(u)w)+, 

for a = ao with ao given by Proposition B.5, and for t such that ayf“^ < 1. As the principal 
symbol of A^-f'”(ayf“^R^ + /[A, R])f'”A^ - is given, in a conic neighborhood of supp(y), where 
A^Rby ’ 


f^^Uf-layf \lmpp+f + {^d - Repp+, - Imp^:,+)) e S {yf^’” ^Aj'*^?\gj), 
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then Proposition B.5 and the (microlocal) Carding inequality of Proposition 4.16 yield, for any 
M eN,hy choosing r and y sufficiently large, 

\\Qwt:,m\U + |tr(T“OpTCT)>p)loY+i/ 2 ,f + Ikllo.-M > l|Awr,mll+ + r^''^l|T'”"^^^OpT(;r)Iv||o,l-^f,f■ 
From the form of A in (B. 8) we have 

ri/2||T“i/^D;c<,wr,mll+ < l|Aw;,m||+ 

^ \\Awt,m\\+ OpTCT)H'||o,l-^Lf- 

We thus obtain 

\\Qwt,m\U + ItrCf™ OptCt)w)Io U\l2,f + \\wh-M 

by choosing t sufficiently large and using Lemma 4.14. This concludes the proof. ■ 

B.4. Estimate concatenations. Let '^o be on conic open set of Afj- Let e S'CLgj) be 
homogeneous of degree zero such that supp(u) c '^o- Let e 5 (Tt.t> ^t), k = 1,2, be 

homogeneous of degree one in and define - Dx^ + Opi'^Cu^P^^^)- The operators Qk.±, 
k = 1,2, defined in what precedes and in Section 4 are of this form. Above, for such operators, we 
proved some microlocal estimates of the form 

(B.IO) OpT0T)>v|ll,Lf + 41 tr(f'"“* OpTCL)>v)lo,^+I/ 2 ,f 

< OpT(L)w||o,Lf + (1 - 4)1 tr(f'"“* Opt(y)>v)|o /+l/2,f + l|w||0,-M,f), 

with 4 - (1 - ffCCl -Pk) and ak,Pk ^ {0,1), £,m e R, and where^ >5'(LgT)> homogeneous of 
degree zero and such that;^ = 1 on a conic neighborhood of suppf;^)- 
If = 0 and 4-0 the estimate reads 

II OptOtIwIIixt + I tr(OpT(;T)w)lo ,e+i/ 2 ,f - c(||e® OpT(L)>T|lo,Lf + Ikllo 

This is a perfect elliptic estimate that holds if is in the lower half complex plane -see Lemma B. 1 . 
If = 0 and 4-1 the estimate reads 

II OpTCr)w|li,Lf < c(|| 2 <*^ OpTCT)>v||oY,f + I tr(OpT(L)>v)|o,f+i/ 2 ,f + l|w||o,-M,f)- 

This is an elliptic estimate, yet with a trace observation term in the r.h.s., that holds if pt*^t is in the 
upper half complex plane -see Lemma B.4. 

Finally, if a/c = 1, independently of the value of 4 we have 

r'/2|r-l/2 OpT(;T)w||ip,f < OpT(Y)w||o/,f + I tr(f™ OpT(Y)w)lo,,+ i/2,f + l|w||o,-M.f). 

This estimate is characterized by the loss of a half derivative and a boundary observation term in 
the r.h.s.; such an estimate is proven in Lemma B.6 when the root p^^^ may cross the real axis. 

We shall now describe how such estimates can be concatenated, as this is often done in the 
course of the proof of Theorem 4.17. 

Proposition B.7. Let i eR and M e N. Let 2® be defined as above, for k = 1,2. Let tq > r*, 
70 ^ 1 cifid C > 0 such that estimate (B.IO) holds, with i,m € R with ak,Pk £ {0,1), for both 
k - \ and 2, for r > tq, 7 > 7o, £ £ [0,1], and for w € JR(R^). We assume that ai < a 2 and 

1 - di < 1 - 4- 
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Let X £ 5'(l,gT). be homogeneous of degree zero and such that x = I on supp(;^f). There exist 
Tj > T*, 7 i > 1 and C > 0 such that the following estimates for the second-order operator 
holds, 

^(«l+«2)/2||~-(a,+aO/2 OpT(u)w||2/,f + | tr(OpTCr)w)li,,+i/2,f 

< C'(||2^^^2^^^0pT(u)>v||o/,f + (1 - 5i)|tr(OpTCu)>v)| l/+l/2,f 
+ (1 - (52)y“'^^l Opt(u)w)|o, /+3/2,f + l|w||2,-M,f), 

for T > n, y > yi, £ e [0,1], and for w e =y(l.^). 

Note that the assumptions made on ak and I -djck = 1,2, imply that yields an estimate of 
better quality than that assoeiated with 

Proof. We introduce;yi e ^(l,^!) that is such that;yi = 1 on supp(;y) and;y = 1 on supp(;yi). For 
concision, we write 5 = OpjCh) and Si = OpjChi). Here, M will denote an arbitrary large integer 
whose value may change from one line to the other. 

Using as the unknown function in the estimate (B.IO) for with m = 0 gives, 

(B.ll) y“‘/"||f-‘^‘^2(2^2)Siv||iy,t + di|tr(G(2)Hw)|o,,+i/2,t 

< 2(2)5^11 + di|tr(Sie^2)2^^l^^^^^^^ _ 

+ ll>v||l-M,f + I hc{w)\\ _M,f 

^ IIG^’^SiQ^^^SwIlo/.f + (1 - di)|tr(Si2^2^Hw)|o/+i/2,f + l|w||i-M,f + I tr(w)|i _M,f 

l/+l/2,f + l|w||2,-M,f. 

Observe now that we can write, using that e 'P(/lT,f > gi), 

(l_52)y“‘/2|tr(f-“‘/2Sw)|i,,+i/2,f 

+ (1 - d2)y“‘^^| tr(f““‘^2Sw)|oy+3/2,f 

< di|tr(e®Sw)|o/+i/ 2 ,f + (1 - di)|tr(Sw)|i^;+i/2,f + (l_<52)y“‘/2|tr(f-“‘/25^)|^ 

/+3/2,f- 

With this estimate and (B. 1 1), we thus obtain 
(B.12) + (1 - 

< + (1 - di)|tr(H>v)|i,,+i/2,r + (1 - d2)y“'/2|tr(f-“'/25>v)loy+3/2,f 

+ llB'lb-M.f- 

Up to creating error terms, we shall now modify this inequality to be able to apply the estimate 
(B.IO) associated with Qf^\ We write 

\\r-d2Qm^^D,,Ewhy,f + (1 - d2)|tr(f-“'/2HiD,,S>v)lo ,^i/2,f 

< \\T~“''^Q^'^'^D^fEw\\oxf + (1 - d2)|tr(f“"‘^2D;,^Sw)|o^;^i/2,f + ll>^lli-M.f + I tr(>v)li 

< l|f““'^^2^^^S>v||iy,f + (1 - d2)|tr(f““‘^^Sw)| l/+l/2,f + l|B^lll,-M,f + I tr(B^)ll-M,f 

+ 7l|f““‘^^Sw||iy,f, 
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using that [Dx^, and using Lemma 4.14. Hence with (B.12) we have 

(B.13) + (1 - 

+ I|t “'^^2*'^^5w||o/+i,f + {\- d 2 )| tr(f “‘^^H;w)|o,f+3/2,f) 

+ rllT~“‘^^Sw||i/,f) + l|w||i+ |tr(w)li _M,f 

<||e^i>(2(2)5w||o/,f + (l-di)|tr(5w)| 

I/+l/2,f + (1 - d 2 )r"‘^^l tr(f "‘^^5w)|o/+3/2,f 
We write, with Lemma 4.14, for r chosen sufficiently large, 

< + \\w\\ 2 ,-M,f, 

and 
(B.15) 

< I tr(f““‘^^H;iD^^5>v)|o^^_^j/2,f + I tr(T“"'^^5>v)|o,f+3/2,f + I h'(>v)li-M,f- 

Applying now estimate (B.IO) associated with to Dx^'B.w and w, with m = -ai/2, using that 

a\ - aiO' 2 , we obtain 

(B.16) 

r(“‘^“^)/2||T“(“‘^“^)/2HiD,,5>v||i,,,^ + d2r“>/"| tr(f-“>/25jZ),,Hw)lo_,^i/2,f 

< y“‘/2j||~-a./2g(2)2^£,^^5^||^^^ _ + (1 _ ^2)1 tr(f-“‘/2Hj£,,,5>v)|o ,^i/2,f) + M\l,-M,f 
and 

< y"'/2(||f““'‘^^e(2)Hw||o,r+i,f + (1 - <52)1 tr(T““'^^Sw)|o,f+3/2,f) + l|w|lo,-M,f. 

With (B.14)-(B.17), we achieve 

r(“''"“^)/2||f-(“>+“2)/2Hw||2,yf + d2r“'/"| 

+ Hi" “‘^^2^^^Sw||o/+i,f + (1 - d2)|tr(f-“'/25H^)|^^^^3^2,f) + l|w||2,-M,f. 
Combining this latter estimate with (B.13) we obtain 

< \\Q^'^'>Q^^'>Ew\\Q^t,f + (1 - ^i)|tr(Sw)li_^+i/2,f + (1 - <^ 2 ) 7 "’^^! h'(^“"‘^^S>v)|oy+3/2,f 
which, with the usual semi-classical inequality (4.17) 

.y(ai+a2)/2||~-(Q'i+Q'2)/22^y||2^^ _ ^ tr(f““‘^^H;>v)| 

I/+l/2,f 

<||e^i)G(2)5w||o/,f + (l-di)|tr(5w)| 

l/+l/2,f + (1 - d2)r"‘''V(T "‘^^Sw)|o/+3/2,f 

+ llirlb-M,f- 

Let us now consider two cases: 
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Case ai = 1: Then = 0 and a 2 - 1. We thus have the term | tr(Hw)li the r.h.s. 

of the estimation and the sought result then holds. 

Case fKi = 0: Then we write 

|tr(5w)|i_^+i/2,f ^ |tr(2*'^^Sw)|o/+i/2,f + I tr(Sw)|o/+3/2,f 

< I + ^ 2 ! tr(S>v)|i^^+i/2,f + (1 ~ <^ 2)1 h'(Sw)|o/+3/2,f- 

which leads to 
di|tr(5w)| 

l/+l/ 2 ,f ^ 5i|tr(e^^^Sw)|o/+i/2,f + 621 h'(^w)|i^^+i/ 2 ,f + (1 ~ <^ 2)1 tl'(‘^B^)lo/+3/2,f• 

Recalling that the term di| tr( 2 t^) 5 w)|o/+i/ 2 ,f can be found in the l.h.s. of (B.l 1), We thus 
obtain 

r“^/2||t-“2/2Sw||2,r,f + (di + d2)| tr(5w)|i,,+i/2,f 

< + (1 - di)|tr(H>v)|i,,+i/ 2 ,f + (1 - ^ 2)1 tr( 5 w)|o/+ 3 / 2 ,f 

+ l|w|| 2 ,-M,f- 

If di + ^2 >0 we then have the sought estimate in the case a\ =0. If di + ^2 = 0 
then the term | tr(Hw)|i ^+i/ 2 ,f can be found in the r.h.s. of the estimation and can thus be 
“artificially” added in the l.h.s.. 

This concludes the proof of Proposition B.7. ■ 

We now show how to obtain microlocal estimates for some products of two factors of order 
two. 

Proposition B.8. Let assume that Q~{z, D^, t, y, e) € T'-’ fulfils the requirement of Lemma B. 1 in 
some conic open subset f/. Let Q'^{z,D^,T,y,s) € 'T?’° be such that, there exist tq > r*, yo > 1 
and C > 0 such that, for i € {0,1,2) and all x £ homogeneous of degree zero, with 

suppO) c for 5 = OpiCu), 

(B.18) . + I tr(S>v)li,,+ i/ 2 ,f 

<c(||(2^5w||oy,f + (l-di)|tr(5>v)| 

l/+l/ 2 ,f 

+ (1 - d2)r“‘/2|tr(f-“‘/25w)|oy+3/2,f + l|w||2,-M,f), 

for T > Tq, y > 70. £ £ [0,1], and for w € where a\,a 2 € {0,1} and di,d 2 £ {0,1} 

with a\ < a 2 , 1 - di < 1-^2 and moreover St = 0 if - I, k = 1,2. Wfe also assume that 
2+5 - DlfE + TijH with Ti,! e 

Let M € N and let x £ 5'(l,gT) he as above. In the case + a 2 - 2, we furthermore assume 
that, for any M € N, + if^j, 2+] OprCui) = (1 + er)^2,o OpTCfi) + Ri.-m, with R 2 ,o e 'P?’*’ 
and R 2 ,-m £ if x\ e S(l,gT) is homogeneous of degree 0 and such that xi = 1 in a conic 

neighborhood o/supp( 7 ) and supp( 7 i) c 

There exist t\ > r*, 71 > 1, ei e (0,1], and C > 0 such that 

(B.19) . + I tr(5w)|3,i/2.f 

< c{\\Q-Q^Ew\W + (1 - di)|tr(Hw)|i,5/2,f 

+ (1 - d2)7"'^^|tr(T“"'^^5w)lo,7/2,f + \\w\U-M,f), 

for T > Ti, y > y\, E € [0, ei], and for w € In the case a\ + a 2 < 1, we can take e\ = 1. 
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In Section 4, for example, this proposition will be applied to = Qi,+ Q 2 ,+ for which an 
estimation of the form of (B.18) will hold by Proposition B.7. Note that this proposition, in the 
case ai + a 2 = 2, is one instance where it is important to take £ > 0 sufficiently small. 

Proof. We introduceTfi e S(l,gT) that is such that;yi = 1 on supp(Y) and supp(ui) c ^. For 
concision, we write 5 = OpjCr) and 5i = OptCti). Here, M will denote an arbitrary large integer 
whose value may change from one line to the other. 

Using as the unknown function in the estimate of Lemma B.l for the operator Q~ -. 

(B.20) ll<2^5w||2,o,f + I tr((2+Sw)|i,i/2,f 

< IIHie+HwIb.o.f + |tr(5i2+5w)|ij/2,f + ||w||4-M,f 
^ Il2“5i2+5>V||+ -I- ||w||4_M,f 

< Il2“2'^5w||+ -I- |N|4_M,f- 
Combining (B.18), for ^ = 2, with (B.20) we find 

(B.21) ll2^'^>p||2,o,f + I tr(2^‘^>v)|i j/2,f + I tr(‘^'T)li 5/2,f 

< IIG'e^HwIU + (1 - di)| tr(Hw)| 1,5/2,f + (1 - d 2 )r“‘^'l tr(f-“‘/ 2 Hi^)|^_^^ 2 ,f 
+ IlirlU.-M.f- 

We now make the following claim whose proof is given below. 

Lemma B.9. There exists C > 0 such that 

I tr(5v)|3,i/2,f < C(| tr(2‘^5w)|i,i/2,f + | tr(5v)|i,5/2,f). 

This gives 

(B.22) ||(2-"Hw||2.o.f + I tr(Hv)|3,i/2,f < ||<2“<2^Hw|U + (1 - di)| tr(Hw)|i,5/2,^ 

+ (1 - d 2 )r"‘^^l tr(T“"‘^^H>v)|o,7/2,f + I|w'll4,-M,f ■ 


First, we treat the case cri -i- q '2 ^ 1- As ai < <22 then a\ - 0. We write 

X + I tr(HiD^^5v)|j 5/2_/f) 

^ Z (ll2‘^^i5>v||o,2-i,f + |tr(Di^Hv)|j 5 / 2 ./?) + WMU-M.f 
y=o 

^ Z (ll^i2'^Sw||o,2-yf + |tr(^iSv)li,5/2-;,f) + tI|S>v||3,o + \\w\W-M,f 

< ||2'"5>v||2,0,f + I tr(Sv)|3,i/2,f + rllS>v||3,0 + ||w||4,-M,f- 

With (B.22) we then find 

i (|ie+5iD45>v||o,2-;,f + |tr(SiD4Hv)|^_5/2-;,f) 

^ 112 2^41>v||+ + (1 - di)| tr(4iw)|i,5/2,f + (1 - d 2 )| tr(41>v)|o,7/2,f 

+ rllS>v||3,0 + \\w\\A-M,f- 
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Now, applying (B. 18) with ^ = 2 - 7 , we obtain 

(B.23) + |tr(5iDi,5w)|i5/2-;;f) 

^ 112 Q^^M\+ + (1 ~ ^l)l tr(‘^B^)ll,5/2,f + (1 ~ <^2)1 tr(‘^B^)lo,7/2,f 
+ ')/||Sw|| 3,0 + \\w\U-M,f- 

With Lemma 4.14, we write, for r chosen sufficiently large, 
r""/2||f-“2/^5w||4,o,f + |tr(5w)|3j/2,f 

< + |tr(5iD45w)|i5/2-;J + MU,-M,f- 

Finally, using (B.23) we obtain 

r“"/2||T-"2/2H>v||4,o,f + I tr(H>v)|3j/2,f 

^ 112 Q^^M\+ + (1 ~ ^l)l tr(‘^'^)ll,5/2,f + (1 ~ <^2)1 tl'(‘^B')lo,7/2,f 

+ rl|Sw||3,0 + \\w\\4-M,f, 

and taking t sufficiently large, as 0 < 0'2 ^ 1 , we achieve the sought estimate. 

Second, we treat the case ai + 0-2 - 2, that is, ai = a 2 = 1. We set Dx^ - Dx^ + € 

We use the further assumption made in this case, namely, for any M e N, [Dxj, 2^]Si = 
e 7 )/? 2 ,oSi + Ri-m with /? 2 ,o ^ 'Pf'* and R 2 -M ^ We write 

i (\\Q^E,DiEw\\o,2-j,f + I tr(HiDi,5v)|j 5 , 2 ..,) 

7=0 ’ I > 

^ Z (ll2'"^i5i5>v||o,2-7,f + |tr(Di^H;v)|j_5^2-7,f) + 11^114-M,f 

^ Z (l|Oi2'^Si5>v||o,2-7,f + |tr(Di^H;v)|j 5^2-7,f) + (^ + £r)IIS>v||3,o + IIwIU-m.t 
< |l2'^S>v||2,o,f + I tr(Sv)|3 i/2,f + (1 + er)IIS>v||3,o + llwlU _M,f- 

With (B.22) we then find 

i (||2^HiDi,5w||o,2-7,f + |tr(HiD4Hv)|j 5/2-;;f) 

< ll2-2^Hw||+ + (1 - (5i)| tr(Sw)|i,5/2,f + (1 - 62 )y^^^\f-^'^ tr(Sw)|o,7/2.f 

+ (1 + e7)||H;>v||3,o + llwlU-M.f- 

Now, applying (B. 18) with ^ = 2 - 7 , we obtain 

(B.24) X (rllT'“'SiD^^Sw||2,2-7,f + |tr(H;iD;i^Hw)|j5/2-7,f) 

< WQ-Q-^^wlW + (1 - di)|tr(5w)|i,5/2,f + (1 - d2)r'^¥“'^"tr(5w)|o,7/2,f 
+ (1 + ey)||H;w||3,o + llwlU-M.f. 
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Now, as [Dx^, T ^] € y'P^’ \ we have 


0,-1 


Z (rll^iT 'Sw||2,2-i,f + |tr(D:'^H;w)|j5^2-;,f) 


7=0 


Z (rll^ ^^iSw||2,2-;,f+ |tr(Di^Sw)|j 5^2-/f) + ^^ll^ ^Sw||3,o 


7=0 

^ Z (rll^~^SiDi^H;w|| 2 , 2 -;,f + |tr(HiD^_^5w)|j5,2_.J 

y=o 

-hy^||f“^5w||3,o + IH|4,-M,f, 

yielding with (B.24), as y^f~^ < 1, 

(B.25) Z (rll^iT“^Sw|| 2 , 2 -i,f + I tr(D:i^H>v)|j 5 , 2 -;^) 

7=0 ’ I j’ y 

< WQ-Q-^^wlW + (1 - di)|tr(5>v)|i,5/2,f + (1 - d2)r'^¥“'^"tr(5>v)|o,7/2,f 
+ (1 + er)l| 5 w|| 3 ,o + l|w|| 4 ,-M,f. 

As Dxj - Dxj = T € 'P?’\ observe that we have 

||D;,^f“^ 5 w|| 2 ,l,f ^ II^XrfT“'H>v||2,l,f + l|T“'H>v||2,2,f, 

meaning that we have 

||f“^5>v||3,iy ^ \\Dx,T~^^w\\2,l,f + l|T“'H;>v|| 2 , 2 ,f■ 


Next, we write 


and thus 


11^?/ ^^w\\ 2 , 0 ,f ^ \\DxjDx,f ^Ew\\2,o,f + \\DxjTf 'Swlb.o.f 

< ||D^/“'H;w||2,o,f + ||D;,^t“^Hw||2,i.f + ||f“^Hw||3,i,f, 


I|t 'H>v||4,o,f ^ Z \\Dijf 'H;>v||2,2-7,f- 
7=0 

Similarly, we find 

|tr(5w)|3^i/2,f < Z |tr(D^,5>v)|j5,2_.^. 

7=0 

With (B.25) we thus obtain 

rllT“'Sw||4,o,f + |tr(H;w)|3j/2,f 

^ Il2“2'"5w||+ (1 - di)| tr(Sw)|i,5/2,f + (1 - d 2 )y^''^|f"^^^ tr(Sw)|o,7/2,f 

-I- (1 -I- ey)||H;>v||3,o + llwlU-M.f- 

Then, taking y sufficiently large and £ > 0 sufficiently small we obtain the sought estimate. 

Proof of Lemma B.9. Recalling that Q^E - D^^E + Ti jH, where Ti 1 e T'i’\ we have 

I tr(Hv)|2,3/2,f “ |tr(^L^^)lo, 3 / 2 ,f + I ti‘(^^)lL5/2,f = |tr((e'' - 7’i,i)Hv)|o3/2,f + I tr(Sv)li,5/2,f 
< |tr(2'^5v)|o3/2,f + I h'(Sv)li,5/2,f- 
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We then write 

Itr(H;v)l3j/2,f “ |ti‘(^iSv)lo,i/2,f + Iti‘(^v)l2,3/2,f = \KDx,{Q^ " 7’i,i)Sv)loj/2,f + Itr(Sv)l2,3/2,f 

^ I tr(2^‘^v)li,i/2,f + I h'(^v)|23/2,f- 

Combining the two estimates yields the result. ■ 

B.5. An Estimate for Qk. We recall that 

Qk = {Dx, + iT^,{Q)f + + ifo-{Q)f + r{x,Dx' + if^'ig')), 

with k = 1,2. For this operator we have the following estimation. 

Proposition B.IO. Let V' <£ V. Let ^ € K, There exist tq > r*, yo ^ 1 C > 0 such that 

y^^2||f“^/^v||2/,f + I tr(v)|i_^+i/ 2 ,f < c{\\Qkv\\o,e,f + I tr(v)|o/+3/2,f). k^l, 2 , 

for T > To, y > yo, £ e [0,1], and for v - >v|^, with w € and supp(w) c V'. 

The open neighborhood V is that introduced in Section 4.2. 

Proof. Let k be equal to 1 or 2. We write Q in place of Qk for concision. We also write in place 
of ilk- 

We need to define microlocalization symbols and operators as in Section 4.4 and use some of 
the symbols introduced therein. Let;^^' e be such that supp(yy') c V and;yy' = 1 on an 

open neighborhood of V'. 

For 5 € (0,1], we set 

XsAq) =Xv'(z)X-iM(Q’)A) e S(l,gT) Xsde') ^ Xv'iz) (1 -^-(/r(p')M)) e 

for;^_ defined in Secfion 4.4, and observe thatxs- +X6,o - 1 on Afj.y'- We sef Eg- = OptCu^-) 
and 2^,0 = OpiCu^.o)- 

In a conic neighborhood of supptjy^-) c Afr.y we have // < -C6. As (4.20) holds in V we have 
> Ct and fhus |t^| x f. Thus, by Lemma 4.18, bofh roofs of fhe symbol q of fhe operator Q 
are in fhe lower half complex plane. Then, wifh Lemma B. 1 we have fhe following perfecl elliptic 
esfimafe, for any M > 0, 

(B.26) l|S<5-v||2,o,f + I tr(H5_v)|i i/ 2 ,f ^ lIGS^-vlU + ||v|| 2 -wy, 

for V € ,5^(R(^), for r > r*, y > 1 chosen sufhcienfly large, and e e [0,1]. 

We now lel;y ^X6\ ^ supported in AItv, homogeneous of degree zero, be such fhaf 

/I > -C6 on fheir supporfs and;^^! = 1 in a conic neighborhood of supp(y 5 o) and;y = 1 in a 
conic neighborhood of supp(;y, 5 j). 

We choose ti > 0 sufficienfly small so fhaf fhe resulf of Lemma 4.22 applies, fhaf is, on supp(^) 
fhe roofs of q are simple. We have 

q(.Q) = q-{Q)qr{Q), q±{Q) = U- p±{q)- 

We sef ■.= D,, - OpA(Ap±). 

We shall denofe by Rj^k as a generic operator in y € N, ^ € R, whose expression may 
change from one line fo fhe ofher. We denofe by M an arbifrarly large infeger whose value may 
change from one line fo fhe ofher. We have wifh a proof similar to fhaf of Lemma 4.33, 


(B.27) 


0^6,0 = Q-Q+’^s,o + y^i,oS(5,o + Ri-m- 
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In a conic neighborhood of supp(Y 5 o)> the root of the symbol of Q- is in the lower half complex 
plane. Then, with Lemma B. 1, we have the following perfect elliptic estimate, for any M > 0, 


(B.28) 


l|S5,0T|ll,0,f +1 tr(55,ov)lo,i/2,f 


^ IIG-S5,ov||-h + ||v||i-M,f, 


for V € ^(R^), for r > t*, y > 1 chosen sufficiently large, and e e [0,1]. 

For Q+ we have the following estimate, characterized by the loss of a half derivative and a trace 
observation, as given by Lemma B.6, 


^l/2||~m l/25^Qv||iy,f ^ l|T'”2-H5<5,ov||o/,f + I tr(f'”5<5,ov)lo/+i/2,f 


-I- 


-M,fi 


for V e and e K., and for t and y chosen sufficiently large, and e e [0,1]. Then, 

according to Proposition B.7, applied with a\ = 0, a 2 - 1> = 1, and 62 = 0, we have the 

following estimates for the operator 2-2+, for M > 0 and ^ e R, 

y^''^\\f~^^^’B.SfiV\\2Af + |tr(S5,0V)lij/2y ^ WQ-Q+'^sMU + I h(S5,OV)lo,3/2,f + 


for V € ^(R^), and for t and y chosen sufficiently large. With (B.27) we thus obtain 
(B.29) r^^^l|T“^^^5<5,ov||2,o,f + I tr(55,ov)lij/2,f ^ ll2S<5,ov||+ + | tr(H;5,ov)lo,3/2,f + ll^lb 

for T chosen sufficiently large with the usual semi-classical inequality (4.17). 

Using thatxd- +X 6 ,o - 1 on Mjy we obtain, with (B.26) and (B.29) 

yl/ 2 ||~-l/ 2 ^|| 2 o. -F |tr(v)|ij/ 2 ,f 

< + r'^^l|T“'^^S<5,ov||2,o,f + |tr(H;5_v)|i i/2,f + ltr(5<5,ov)lij/2,f 

^ \\Q'^6-V\\+ + IIGS5,0T|I+ + I h'(H^,ov)lo3/2,f + \\v\\2-M,f, 
for V = with w € '^^“(R^) and supp(w) c W. Observing that [2,5^-] and are 

both in y'l'i’° we conclude the proof with the usual semi-classical inequality (4.17) for r chosen 
sufficiently large. ■ 
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